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Abstract. Geometry of the solution space of the self-dual Yang-Mills (SDYM) equations in Eu- 
clidean four-dimensional space is studied. Combining the twistor and group-theoretic approaches, 
we describe the full infinite-dimensional symmetry group of the SDYM equations and its action 
on the space of local solutions to the field equations. It is argued that owing to the relation to a 
holomorphic analogue of the Chern-Simons theory, the SDYM theory may be as solvable as 2D 
rational conformal field theories, and successful nonperturbative quantization may be developed. 
An algebra acting on the space of self-dual conformal structures on a 4-space (an analogue of 
the Virasoro algebra) and an algebra acting on the space of self-dual connections (an analogue 
of afhne Lie algebras) are described. Relations to problems of topological and N ^ 2 strings are 
briefly discussed. 
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1 Introduction 



In the past two decades significant progress in understanding integrable, confornial and topological quantum 
field theories in two dimensions has been achieved. In many respects this progress was related to the existence 
of an infinite number of symmetries making it possible not only to describe the space of classical solutions to 
2D field equations, but also to advance essentially the nonpcrturbative quantization of 2D theories. Among 
symmetry algebras of 2D models, the most important role is played by the Virasoro and afhne Lie algebras 
(see e.g. The use of transformation groups, their orbits and representations forms the basis of the 

dressing transformation method and of the Kyoto's school approach jl^, |l|, to solvable equations 

of 2D and 3D field theories. 

In four dimensions there also exist integrable, conformal and topological field theories, and naturally the 
following question arises: Can the methods and results of 2D theories be transferred to 4D theories? On the 
whole, the answer is positive for 4D integrable and topological field theories. At the same time, the knowledge 
of 4D conformal field theories (CFT) beyond the trivial case of free field theories is much less explicit, and 
not so many exact results are obtained (see e.g. [^-(l6| and references therein). Usually, one connects this 
with the fact that, unlike the 2D case, the conformal group in four dimensions is finite-dimensional, and 
constraints arising from conformal invariance are not sufficient for a detailed description of 4D CFT's. One 
of our aims is to demonstrate that for a special subclass of CFT's - integrable 4D CFT's - this is a wrong 
impression based on the consideration of only local (manifest) symmetries. 

There actually exists only one nonlinear integrable model in 4D described by the self-dual Yang-Mills 



(SDYM) equations defined on a 4-manifold with the self-dual Weyl tensor |17-|l9[. This unique theory is 



conformally invariant, and it is usually considered as a 4D analogue of the 2D WZNW theory. It is expected 
that many results of 2D rational CFT's can be extended to the SDYM theory. This was discussed, for 
instance, in ^ , where the quantization of the SDYM theory on Kahler manifolds was considered. We 
shall give additional arguments in favour of the conjecture that the SDYM model is a good starting point 
for the development of 4D quantum CFT's. 

The main purpose of our paper is to describe all symmetries of the SDYM equations and, in particular, 
algebras generalizing the Virasoro and affine Lie algebras to the 4D case. In contrast with the WZNW model, 
most symmetries of the SDYM model are nonlocal. These symmetries are local symmetries of a holomorphic 
analogue of the Chern-Simons theory on a 6D twistor space, and the SDYM theory is connected with this 
model via the nonlocal Penrose- Ward transform. The use of this correspondence makes it possible to simplify 
considerably the investigation of symmetries of the SDYM equations. The lift from a 4D self-dual space to 
its 6D twistor space is useful for understanding correct degrees of freedom and correct symmetries of the 
SDYM theory. We show that just as in the case of the 2D WZNW theory these symmetries completely 
define the space of local solutions to the field equations and therefore the quantization of the SDYM theory 
is connected with the construction of representations of a symmetry algebra. 

Roughly speaking, the symmetry group of a system of differential equations is the group that maps 
solutions of this system into one another. From this point of view the transformation groups of type 
Map(A'3;G') (maps: space X3 — >• group G, diniMXs = 3) considered in H^, ^ are not symmetry groups, 
since in general their action does not preserve the solution space. The above-mentioned groups Map(X3; G) 
can be considered as "off-shell" symmetry groups reflecting only the field content of the theory and acting 
on free fields. These groups are not connected with the integrability and can be introduced in a space-time 
of an arbitrary dimension (see e.g. p^). 

Study of "on-shell" infinitesimal symmetries of the SDYM equations (in 4D Euclidean space) began from 
the papers |^ and was continued in In |2j, ^ it has been shown that the obtained infinitesimal 

symmetries form the affine Lie algebra g^C [A, A^^] when the gauge potential A = A^^dx^ takes values 
in the Lie algebra g of a group G. Ueno and Nakamura |Q have shown that on the solution space of the 
SDYM equations it is possible to define an infinitesimal action of a larger Lie algebra of holomorphic maps 
from a domain on the twistor space Z of into the algebra g. Takasaki ||2^ described this algebra in terms 
of Sato's approach to soliton equations. But Crane ||2^ showed that in general the group corresponding to 
the Ueno-Nakamura algebra does not preserve the solution space of the SDYM equations and indicated a 
vagueness of geometrical meaning of these transformations. The above-mentioned infinitesimal symmetries 
do not exhaust all symmetries of the SDYM equations, which has been shown in the papers [Q-|32j where 
Virasoro-type symmetries were described. In this paper, we describe the full symmetry group of the SDYM 
equations. 
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2 Self-duality and manifest symmetries 



2.1 Definitions and notation 

We consider the Euclidean space with the metric (5^^, a gauge potential A — A^dx^ and the Yang-Mills 
field F = dA + AaA with components F^y = d^Ai, — d^A^j^ + [A^, where ^, ... = 1, ...,4, 9^ := d/dx'^. 
The fields and F/^i, take values in the Lie algebra g of an arbitrary semisimple compact Lie group G. We 
suppose that G is a matrix group G C GL{n, C). 
The SDYM equations have the form 

where e^i/pa is the completely antisymmetric tensor in and £1234 = 1- Here, and throughout the paper, 
we use the Einstein summation convention, unless otherwise stated. 

In this paper, we study the space of smooth local solutions to the SDYM equations (2.1). More precisely, 
we suppose A^ to be smooth on an arbitrary open ball U in R"*, and we do not fix boundary conditions for 
A^. As U we shall also consider open subsets in R** which can be dense subsets in and can even coincide 
with M^. We shall consider smooth solutions of the SDYM equations on U lying in an open neighbourhood 
of some fixed solution A^, for instance, in a neighbourhood of the vacuum A^^ = (local solutions). The 
set of local solutions is an infinite-dimensional space and contains finite-dimensional moduli spaces of global 
solutions (instantons, monopoles etc.) as subspaces. 

2.2 Gauge symmetries 

Equations (2.1) are manifestly invariant under the group of gauge transformations 

A^^Al = g-'A^g + g-'d^g, F^, ^ F^^ = g-'F^„g, (2.2) 
where g = g{x) G G,x € U C M**. For infinitesimal gauge transformations we have 

6^A^ = D^^ = d^if + [A^, (2.3) 

where (p{x) £ g,x G U. 

The fields and differing by the gauge transformation (2.2) are considered to be equivalent. That 
is why gauge transformations are "trivial" symmetries. 

2.3 Conformal symmetries 

It is well-known that the SDYM equations (2.1) are invariant with respect to (w.r.t.) the group of conformal 
transformations of the space M''. This group is locally isomorphic to the group SO{5, 1). On the coordinates 
and components A^ of the gauge potential A the group of conformal transformations acts in the following 
way: 



translations : x'' 1-^ x^ = x'' + a^, A^(a;'') 1-^ = A^ix" + a"), (2.4a) 

rotations : = ai^x" , A^ix") ^ A^ ^ (a-^y^A^ia'^xf), (2.46) 

dilatations : x" ^ x" = e°'x^, A^{x'') ^A^ = e-^A^^ie^x"), (2.4c) 

special conformal ^ _^ x'^ + a'^x'^ a ( a ^^'^ a (~^\ 

transformations ^ ^ ^ ^ = l + 2a.x'^ + a^x^' ^^"^ ) ^ = ^^^-(^ )' (2.4a!) 

where a = {a'^) € 5*0(4), a'^, a, a'^ G R, o? := a^o}" , x^ := x^x"" . 
For infinitesimal conformal transformations we have 

bNA^, = LNA^, = N''^,A^, + A,^^,N'' , (2.5) 

where /^at is the Lie derivative along a vector field N and N = N^dv is any generator of the 15-parameter 
conformal group. 
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= ^x^d^ - x^x^d,, D = x^d,. (2.6) 

Here {Xa} and {Va}, a,b,... = 1,2,3, generate two commuting 50(3) subgroups in 5*0(4), are the 
translation generators , are the generators of special conformal transformations, D is the dilatation 
generator, 77^^ = {ej|^^,/i = b,jy = c; = 4;— = 4} are the self-dual 't Hooft tensors and fj'^^, 

■ . IX = b,u = c; —(5^, u — A-jd"^, IX — 4} are the anti-self-dual 't Hooft tensors. 

Remark. It is well-known that for semisimple structure group G there are no local symmetries of the 
SDYM equations differing from the gauge and conformal symmetries described above. 

3 Complex geometry of twistor spaces 
3.1 Complex structure on 

To write down a linear system for eqs.(2.1) and to clarify its geometrical meaning, it is necessary to introduce 

a complex structure J on (and thus on any open subset C/ C M"*). This means that wc must introduce 
on a tensor such that = ~<^/i- is well-known that all constant complex structures on are 

parametrized by the two-sphere 5^ ~ 50(4)/f/(2), and the most general form of is 

= SafilJ^\ (3-1) 
where real numbers s°' parametrize 5^: SoS" = 1. Using the identities for the 't Hooft tensors 

^2aC=^"V + e"''^^., (3-2) 

it can be shown that = —1. The other admissible choice of the complex structure = Sari^^S"" 
corresponds to choosing the opposite orientation on and transition from self-duality to anti-self-duality 

equations. 

Eigenvalues of the operator J = ( J^) (applied to vectors) are ±i, and we can introduce two subspaces in 
= M-* O C, 

yi'O = {F e : J^V = iV}, = {y e C : J^V = -iV}. (3.3a) 
As a basis in V^'° and V°'^ one may take vectors with the components 

fl^'"} = 4,4.-5A.iA}.{V^'"} = (lA,iA,l,l), (3.36) 

where A and A are local holomorphic and antiholomorphic coordinates on the sphere 5^, A = {s^+is'^)/{l+s^). 

Using J, one can introduce vector fields vj^'' ~ V^^^'^S^ of the type (1, 0) and vector fields V^^^ = V^^'^dfj, 
of the type (0, 1) w.r.t. J, where A, B, ... = 1, 2. We have 

^1 '^''^^ = ^ (^1 + ^^2) - ^ (^3 + idi) = dy. - \dy2 , (3.4a) 

V^^^^'d^ = l{d3-id4) + ^ {di -id2) = dy2 +Xdyi, (3.46) 
where 

= a;^ -h ix"^, =x^ - ix'^, y'^ = x^ - ix^ , y'^ = x^ + ix'^ (3.5) 
are the canonical complex coordinates on M"* ~ C^. 



y(^) = 



3.2 Riemann sphere CP^ 



In (3.3) we have introduced the complex coordinate A on 5^ ~ CP^, parametrizing complex structures on 
K^. Using the stcreographic projection 5^ — > M^, one can introduce two coordinate patches Cli ~ and 
— of the sphere with the coordinates 

12 12 

s s s s 
Lj] = — — T and = — — - on fli, Loi = 5- and Un = r on O2, (3.6) 

1 -t- S'^ 1 -|- s-' 1 — S'^ 1 — S'^ 
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in which the metric on is conformally flat. 

We introduce the standard complex structure j on S"^ with the components 

) = Ob), )cJg = -4, )\ = -)l = -1 (3.7) 

in the coordinates {w^*}- Now we can introduce vector fields, holomorphic and antiholomorphic w.r.t. j, on 
r^i as 

V^'' - \{d^l - ^^^.) = d,, )iV^'^^ = ^VP^ (3.8) 

V^'^ = \id^\ + ^d^l) = 5a, i^V'i'^'' = -^VP"", (3.4c) 

where \ = ui\ is the complex coordinate on Q,i ~ C. Analogously, we introduce the complex coordinate 
Q = uj\— iuj2 on — C and vector fields V^'^'' — d^, V^'^'' — on Q2- 

So the sphere S'^ can be covered by two coordinate patches Sli, ^l2, with fii, the neighbourhood of A = 0, 
and ri2, the neighbourhood of A = oo. Let us fix ai, a^- 0<Q!i<1<q;2<oo and put 

r^i = {A G C : |A| < as}, = {A e C U cx) : |A| > aj. (3.9) 

The sphere S"^, considered as a complex projective line CP^ = fii U f^s, is the complex manifold obtained by 
patching together ili and ^2 with the coordinates A and ^ related by C = A^^ on fii fl Sis. For example, if 
r^i = {A G C : |A| < 00} and = {A e C U 00 : |A| > 0}, Q.\ fl ^2 is the multiplicative group C* of complex 
numbers A 7^ {0, 00}. 

3.3 Twistor space 

We consider an open subset V in M^. As a smooth manifold the twistor space V = V{U) of f/ is a direct 
product of the spaces U and CP"'^: V — U x CP^ and is the bundle of complex structures on U This 
space can be covered by two coordinate patches: 

V = UiUU2, Ui^U xQi, U2 = U xn2, (3.10a) 

with the coordinates {a;'^,A, A} on Ui and {x^XiC} on W2. The two-set open cover D = {ili,il2} of the 
Riemann sphere CP"'^ was described in § 3.2. We shall consider the intersection U12 of Ui and U2 

W12 nz^2 = X (r^i nr22) (3.105) 

with the coordinates € U , X,X € ^12 := fli r\^l2- Thus, the twistor space "P is a trivial bundle tt : V ^ U 
over U with the fibre CP^, where n : {x'^, A, A} {x^} is the canonical projection. 

We shall also consider the twistor space Z = Z{W^) oiW^ which as a smooth manifold is a direct product 
Z = M"* X CP^. The twistor space V is an open subset of Z. In its turn, Z ~ CP"^ — CP^ is an open subset in 
the space CP'^ which is the twistor space of the sphere S'^. Formally, V concides with Z if we take U = M.'^; 
that is why we denote the cover of Z by the same letters = x f^i, W2 = R"^ x ^2. Since V is an open 
subset of Z, a complex structure will be discussed for Z. 

Having the complex structure J on and the complex structure j on 5^, we can introduce a complex 

structure — (J, j) on Z. The vector fields {V'i^''} on Ui, introduced in (3.4), are vector fields of the type 

— ^2) 

(0,1) w.r.t. the complex structure J'. Vector fields {Va } of the type (0,1) on 142 have the form 

Vl^^ =Cdyi-dy2, V2^^^ =Cdy2+dyi, V^^^^d^, (3.11a, 5, c) 

and we have 

VI''>=XVI'\ V2^'^=XV2^'\ V^«=-A2V3(2) (3.12a,6,c) 

on U12 — UiC] U2- 

Now we can introduce complex coordinates {zf} on Ui and {22} on U2 as solutions of the equations 
V!i^\z\) = and vP{z^2) = 0. We have 

zl=y^-Xf, zl = y'' + Xy\ z^ = X, (3.13a) 

zl=Cy'-f, zl^Cy^ + y\ z| = C (3.135) 
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and on the intersection IA12 these coordinates are connected by the holomorphic transition function /12 

Z2 2^2 -^2 

From (3.13) it is not difhcuh to derive the formulae 



where 71 = 1/(1 + AA). Analogously, on U2 

^ r/(2) ^ f>(2) ^ t7(2) -1 t7(2) -2 f>(2) 

grr = 72^ . 0^1= 12V^ oil = ^3 - y 72K - y 72^2 > (3.146) 

where 72 = 1/(1 + CO- 

It is easy to check that the local basis (O,l)-forms w.r.t. J are 

^(1) =7i(rfy' - W), 0^1) =7i(rfy' + W), ^fi)=rfA on Uu (3.15a) 

^(2) =72(Crfy'-rfy'), ^^2) =72(Crfy' + rf2/'), ^(2)=c?C on Z^2. (3.155) 
The exterior derivative d on Z splits into d and d: d = d + d, where 



d = dz1— = df,^VP on Wi, (3.16a) 



d = dz^^ = 0l2)VP on W2, (3.166) 

and the operator d is connected with d by means of complex conjugation. As usual d^ — — = 
dd + dd = 0. 

It follows from (3.12), (3.13) and (3.15) that as a complex manifold Z is not a direct product x CP^, 
but is a nontrivial holomorphic vector bundle p : Z CP^. Moreover, from (3.12), (3.13) and (3.15) it 
follows that Z coincides with a total space of the rank 2 holomorphic vector bundle © over CP^, 

p: Z^L-^®L-^ — > CP\ (3.17) 

where L is the tautological complex line bundle over CP^ with the transition function A^^, and the first 
Chcrn class ci(L) equals —1: ci{L) = —1. Its dual L^^ is isomorphic to the hyperplane bundle (Chern class 
Ci{L~^) = 1) over CP^. The twistor space P of [/ C M'' is an open subset of Z and Z = © ~ 
CP^ — CP^ is an open subset of CP"^. Holomorphic sections of the bundle (3.17) are projective lines 

,_(Xen,: z\ = + \f, zl = y^ + Ayi 1 

^""y U e f^2 : 4 = Cy' + y^ zl = Cy' + yM ^ ' 

parametrized by the points y — {y^, y^,y^ ,y^} G C^. 



3.4 Real structure on twistor space 

A real structure on the complex twistor space Z is defined as an antiholomorphic involution r : Z —i- Z, 
defined by the antipodal map A i-^ — 1/A on the CP^ factor, 

T(a;^, A) = {x", -1/A), = 1. (3.19) 

This involution takes the complex structure J on Z to its conjugate —J^, i.e., it is antiholomorphic. It is 
obvious from the definition (3.19) that r has no fixed points on "P C Z but does leave the fibres CP;]. , x G U, 
of the bundle V ^ U invariant. The same is true for the fibres CP^ of the bundle Z — > M"'. Fibres CP;], of the 
bundle V U are also real holomorphic sections of the bundle (3.17) for which we have — y^, — —y^ 
in (3.18), i.e., they are parametrized by {x^} = {y^,y^} G U. 

An extension of the involution r to complex functions /(x^. A) has the form j3^ 

T : f{x, A) ^ T{f{x, A)) = Mx, A) := /(r(x,A)) = /(a;,-A-i). (3.20) 
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In particular, for the complex coordinates {zf} and {2:2} on ^ we have 

t{zI) = zl T{zf) = -zl, T{zf) = -zl ^ 

t{z1) = Blzl Bl =l,Bl = -1, Bl = -1. (3.21) 
All the rest components of the constant matrix B = (B^) are equal to zero. 

Using (3.21), it is not difficult to verify that for the transition function (3.13c) compatible with the real 
structure r, we have 

r{f^2) = B^J1„ (3.22) 
where /12 is the transition function inverse to /12 

1 ~1 b ^1 2 ~2 b ^1 3 ~3 6 1 

^2 = /l2(^l) = ~3) ^2 = /l2(^l) = ~3) ^2 = /l2(^l) = ~3- (3.23) 
^1 ^1 H 

So all the holomorphic data are compatible with r. 

4 The Penrose- Ward correspondence 

4.1 Complex vector bundles over U and V 

Let us consider a principal G-bundle P = P{U, G) = UxG over U C M**. Then, a gauge potential A = Andx'^ 
(a connection 1-form) defines a connection D := d + A = dx^{di^ + A/^) on the bundle P, and the 2-form 
F = dA + A A A = ^F^^dx'^ A dx'^ is the curvature of the connection form A. We shall consider irreducible 
connections. Suppose a representation of G in the complex vector space C" is given. In the standard manner 
we associate with P the complex vector bundle 

which is topologically trivial. 

Using the projection tt : P — > f/ of the twistor space V on U, we can pull back £^ to a bundle E' := ■jt*E 
over V, and the pulled back bundle E' is trivial on the fibres CF]. of the bundle V ^ U . We can set 
components of t:*A along the fibres equal to zero and then the pulled back connection D' will have the form 
£)' = £) + dXdx + dXd-^ {onUi)= D + dC,d^ + dC,d^ (on U2). 

4.2 Self-duality =^ holomorphy 

The twistor space V of the space J7 C is a complex three-dimensional manifold with the coordinates 
{zl} on Ui CP and {z^} onU2 d V , V = UiVJ U2. Using the (O,l)-forms (3.15), we introduce the (0,1) 
components Bg, of the connection 1-form tt* A = A^^dx'^ = B^'^ + B^'^ = B + B hy the formulae 

{b[^^ := Ayi - XAy2, B^^^ := Ay2 + XAyi, B^^^ := 0} on Ui, (4.1a) 

{Sf ^ := CAyi - Ay2, Bf^ := QAy^ + Ay,, b'^^ := 0} on U2. (4.16) 

Notice that b'^'' = XB^^ on Wi2. One can also introduce the components B^a^ of B along the antiholomor- 
phic vector fields 9fa^ from (3.14), 

:= B,2 := 7iB(^\ B,s := j/^iS^ - y'-yM'^} on Uu (4.2a) 

:= 72i?f \ B,2 := j2b!^\ B,, := -y^72i3f ^ - fl2Bi^h on U2. (4.26) 
Then we have Tr*A = B + B and 

B = = B^.dz^ = B^i^^^i) on Ui, (4.3a) 

S = SO'i = B^adz^ = Bi^^^^2) on ^2- (4.36) 

Now we can introduce components of the connection D' on the complex vector bundle E' which are (0,1) 
components w.r.t. the complex structure J on P, 

D' — Ob+Bb, dB = d + B, (4.4) 
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where the operator d was introduced in (3.16), the (0,l)-form B was introduced in (4.3) and the operator 
djj = d + B \s the (1,0) component of the operator D' . 

Remark. In most cases we shall further write down formulae and equations in the trivialization over 
Ui C V. 

Let us consider the equations 

Bb^ = (4.5) 

on a smooth local section ^ of the bundle E' . The local solutions of these equations are by definition the 
local holomorphic sections of the complex vector bundle E' . The bundle E' ^ V \& said to be holomorphic 
if eqs.(4.5) are compatible, i.e., 9^ =^ the (0,2) components of the curvature of D' are equal to zero. 
In the trivialization over Ui, eqs. (4.5) are equivalent to the equations 

[{Di + iD2) - XiDs + iDi)]^i{x, A, A) = 0, (4.6a) 

[{Ds -iDi) + \{Di - iD2Mi {x, A, A) = 0, (4.65) 

a^a(a;,A,A) = 0, (4.6c) 

and analogously in the trivialization over U2- Equation (4.6c) simply means that is a function of and 
A (does not depend on A). If eq.(4.6c) is solved, the remaining two equations (4.6a,b) for i^i(a;. A) are usually 
called the linear system for the SDYM equations | ]35[ |. It is readily seen that the compatibility conditions 
dg—Ooi eqs. (4.6) are identical to the SDYM equations (2.1), which in the coordinates {y^ ,y^} have 
the form 

Fyly2 = 0, Fyly2 — 0, Fylyl + Fy2y2 = 0, (4.7) 

i.e., eqs. (4.7) follow from the equations dg = 0. Therefore, if a gauge potential A ~ A^dx^ is a smooth 
solution of eqs. (4.7) on a domain U in M'*, there exist solutions of eqs. (4. 5), and the bundle E' ^ P is 
holomorphic. 

For the cover il = {Ui,U2} of P ~ Ui UU2, eqs. (4.5) have a local solution ^1 over Ui, a local solution ^2 
over U2 and ^1 — ^2 on the overlap W12 =UifMA2 (i.e., it is a section over P). We can always represent ^1, 
in the form ^1 — V'lXi, £,2 — '^'2X2, where G''-valued functions tpi and tp2 nonsingular on Ui and U2 satisfy 
the equations 

BbA = 0, dB4'2 = (4.8) 
on Ui and I/I2, respectively. The vector-functions xi_2 G C" are holomorphic on Ui^2, 

vPxi = 0, V^^\2 = 0. (4.9) 

It follows from (4.8) that 

{dyiipi - Xdy2'ipi)ip~'^ = idyiilj2 " A9j^2 1/'2 ) ^'^ ^ = -(^yi - AAj^2), (4.10a) 

{dy2i,, + ASyl^OV^fl = {dy2^2 + Xdyli^2)i^2^ = -{Ay2 + AAyl), (4.106) 

a^Vi = d-^'4>2 = 0. (4.10c) 
Moreover, the vector-functions xi s-^d X2 are related by 

XI = ^12X2 (4.11) 

on Ui2, i.e., 

^12 := V2 (4.12) 

is the transition matrix in the bundle E' and JF21 '■— ^2^^V'i — ^12 ■ From eqs. (4. 8), (4.10) it follows that 
T12 is the holomorphic G''-valued function on IA12 with nonvanishing determinant. 
Remarks 

1. The matrices ipi and ^/'2 are matrix fundamental solutions, i.e., the columns of 'i/'iiV'2 form frame 
fields for E' over lAi, 1X2- In other words, matrix- valued functions '4'i,4'2 define a trivialization of the bundle 
E' over Ui,U2- At the same time, xi = Xi(^i) and X2 — X2{z2) are Cech fibre coordinates of the bundle E' 
over Ui and W2. The representation of ^1^2 in the form ^1 = tpiXii ^2 = '02X2 is simply an expansion of the 
sections £^1,2 in the basis sections -01,2 with the components xi,2 (see e.g. p6|). 

2. The matrix- valued functions -01^2 are C°^-functions on Ui^2, and any transition matrix of the form 
(4.12) defines a bundle E', which is topologically trivial, but holomorphically nontrivial, since 0i_2 are not 
holomorphic functions on Z^i_2- On the other hand, eqs. (4. 10c) mean that the restriction of E' to any real 
projective line CP^ {x £ U) is holomorphically trivial: £"|cpi — CP!], x C". 
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4.3 Gauge transformations and holomorphic equivalence 

It is easy to see that the local gauge transformations (2.2) of the gauge potential A are induced by the 
transformations 

tpi ^ V'f := g~^{x)il^i, tp2 ^ ip2 9^^{x)'4'2, (4.13) 
and the transition matrix J-12 = is invariant under these transformations because ('0j')~^^| = 

On the other hand, the components {A^} of the gauge potential A in (4.10) will not change after 
transformations 

^ ^'^i := ^^h-\ V2 ^ := ^p2h^\ (4.14) 

where hi is any regular holomorphic C'^-valued function on Ui and /12 is any regular holomorphic G'^'-valued 
function on U2. This means that a class of holomorphically equivalent bundles over the twistor space V 
corresponds to a self-dual connection on U. Recall that holomorphic bundles with the transition matrices 
J^i2 and J-12 are called holomorphically equivalent if 

:Fi2 - hiTi2h^^ (4.15) 

for some regular matrices /ii, /i2 such that hi is holomorphic on lAi and ft,2 is holomorphic on IA2- 



4.4 Unitarity conditions 

It follows from eqs.(4.10) that in the general case the components {A^} of the gauge potential A will take 
values in the Lie algebra g"', because ■!/'i,2 are G'^'-valued. This is equivalent to the consideration of with 
values in the Lie algebra g, but with complex components A'^ in the expansion A^^ = A^^Tk in the generators 
{Tfc} of the Lie group G. If we want to consider real gauge fields, we have to impose additional reality 
conditions on the bundle E' induced by the real structure r on 7-* (see § 3.4) and by an automorphism a of 
the Lie algebra such that Q — {a € : cF{a) = a,a-'^ ~ id}. Such a reality structure in the bundle E' 
exists for any compact Lie group G [^, and we shall describe it for the case G — SU{n), g — su{n). 

Namely, in the case g — su[n) we have Aj, = — and therefore 

A^, = -Ayi, A^^ = -Ay2, (4.16a) 

where f denotes Hermitian conjugation. Then the matrices T12 G SL{n,C) and ijji,ip2 G SL{n,C) have to 
satisfy on U12 the following unitarity conditions (see e.g. |28|): 

TUrizD) ^ (4.166) 

4iT{x,X))^i:^\x,X), (4.16c) 
where the action of r on the coordinates of the space V was described in § 3.4. 

Remark. For simplicity, we shall always consider the case G — SU (n) when discussing real gauge fields. 

Thus, starting from a bundle E over [/ C with a self-dual connection, we have constructed a topologi- 
cally trivial holomorphic vector bundle E' over V satisfying the conditions: (1) E' is holomorphically trivial 
on each real projective line CP^, x eU, in V; (2) E' has a real structure. 



4.5 Riemann-Hilbert problems 

Suppose we have a nonsingular matrix-valued function !F{x, A) G SL{n, C) on fti H ^2 C CP^ (see § 3.2) 
depending holomorphically on A and smoothly on some parameters {x^^}. Then a parametric Riemann- 
Hilbert problem is to find matrix- valued functions V'lj "02 G SLin, C) on fJi nr22 such that i/'i can be extended 
continuously to a regular (i.e., holomorphic with a non- vanishing determinant) matrix- valued function on 
r^i, 11)2 can be extended to a regular matrix- valued function on ^2 and 

T{x,\)^4>^\x,\)Mx,>^) (4.17) 

on r^i n ii2- 

It follows from the Birkhoff decomposition theorem (see e.g. ||3^) that for a fixed x any holomorphic on 
f2i n U,2 nonsingular matrix-valued function J- admits a decomposition 

T = V^iA7/.2, (4.18) 
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where V'i:V'2 are defined above and A is a diagonal matrix whose entries are integral powers fc^ G Z of A, 
fci + ... + fc„ = 0. The /ci's are unique up to permutation and are Chern classes of the holomorphic line 
bundles over CP'^ which occur in the decomposition of the holomorphic vector bundle over CP^ with as a 
transition matrix (Grothcndicck's theorem). 

If A is the identity matrix, the decomposition (4.18) is called a solution to the Riemann-Hilbert problem. 
For these matrices T ^ the factorization is unique up to a transformation 

V'i(x,A) ^V^f = .g-i(x)Vi(x,A), i,2{x,\)^^l=g-\x)i,2{x,X), (4.19) 

for some matrix g(x) e SL{n^C). So the Riemann-Hilbert problem can only be solved 'generically' and 
(4.17) may not have a solution for all values of the parameters a;''. But if a factorization (4.17) exists at 
some Xq , then it exists in an open neighbourhood U oi Xq. Usually, A ^ 1 on a submanifold of codimension 
1 (or more) of the parameter space. The points x'^ for which A 7^ 1 are called jumping points, and projective 
lines CPij, corresponding to these points x are called jumping lines. In the twistor construction the jumping 



points x e give rise to singularities in the SDYM potential A. For details see e.g. 139, 40 



4.6 Holomorphy =^ self-duality 

Suppose we have a topologically trivial holomorphic vector bundle E' over V with the cover il = {UijU^} 
and a transition matrix T12 satisfying the unitarity condition (4.16b). Considering !Fi2 for fixed x^ G U , we 
obtain a parametric Riemann-Hilbert problem on CP"'^. Then in a set of all possible transition matrices we 
choose those for which a solution of the Riemann-Hilbert problem exists. 

After finding a Birkhoff decomposition (4.17) for T12 we consider (V'i^Vi)V'r^ ^'^'^ iYa^'^ ip2)'4'2'^ ^ 
functions on Ui and IA2 with values in the Lie algebra su{n). For definitions of the (0,1) vector fields Va^\ 
see § 3. From the holomorphy of T12 it follows that 

(T/jDV^O^fi = (V;^'V2)V^2"' (4-20) 

on Ui2. Notice that as functions on CP^ the matrices -01 and -02 are regular on Q,i and 0.2, respectively. 
Hence, -01.2 can be expanded on f2i n 1^2 in powers of A: 

00 00 
0i(x,A) = ^A"0r(^), 02(x,A) = ^A-"02"(2;)- (4.21) 

n=0 n=0 

If we substitute the expansion of ■01^2 in powers of A into (4.20), both the sides of (4.20) must be linear in 
A, and we have 

{dyii'i - Xdy2tp,)ij-^ = {dyi^2 ~ A9y2 1/^2 ) 02^ ^ = -{Ayi{x) " XAy2{x)), (4.22a) 
(9^^201 + Xdyi^i)iP^' = (9^-202 + XdyiiP2)^^^ = -(Ay2(x) -|- XAyi{x)), (4.226) 

where 



Ayl 


= - Res X-\V^'^ ij2)i>2^ = 


-i2.a^(W^-^^ 


^{^y^^l){i^l)-\ 


(4.23a) 


A 


2 :=EesA-2(V'/i)^2)V'2"^ = 






(4.235) 


Ayl 


:= -i?esA-^(V'/^Vi)V'r^ = 


-i^x^^^'^^^^^'- 


-(a,.0°)(^?)-\ 


(4.23c) 


Ay2 


:= -i?esA-i(yi^Vi)V'r^ = 

A=0 


-i^x^^''^^^^^'- 


-(9,20O)(^?)-i. 


(4.23d) 



Here, the contour S*^ = {A G CP^ : |A| = 1} circles once around A = and the contour integral determines 
residue Res at the point A = 0. 

The components {A^} of the gauge potential defined by (4.23) satisfy the SDYM equations on U which 
are the compatibility conditions of eqs.(4.22). Thus, starting from a holomorphic matrix-valued function 
!Fi2 which is a transition matrix of a holomorphic vector bundle E' over the twistor space P, we have 
completed the procedure of reconstructing a gauge potential A which defines a self-dual connection on a 
complex vector bundle E over U C M^. As it was explained in § 4.3, the transformations (4.14), (4.15) of T12 
into a holomorphically equivalent transition matrix /iiJ^i2/i^^ do not change A^, and gauge transformations 
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Af^ ^ inducing the transformations (4.13) do not change J-i2. It foUows from the twistor construction 
that a self-dual gauge potential A is real-analytic. 

To sum up, we have described a one-to-one correspondence between gauge equivalence classes of solutions 
to the SDYM equations on an open subset U of the Euclidean 4-space and equivalence classes of holomorphic 
vector bundles E' over the twistor space V satisfying the conditions: (i) bundles E' are holomorphically trivial 
on each real projective line CF]., x E U, in V, (ii) each E' has a real structure. This is the Euclidean version 
of Ward's theorem |l|, |§. 

Remark. A twistor correspondence between self-dual gauge fields and holomorphic bundles also exists 
in a more general situation ||l9[| . Let us consider a real oriented four-manifold AI with a metric g of signature 
(+ + -I— The 4-manifold M is called self-dual if its Weyl tensor is self-dual. In ||l^ it was proved that the 
twistor space Z = Z{M) for a self-dual manifold M is a complex analytic 3-fold. There is a natural one-to- 
one correspondence between self-dual bundles E over M (in particular, over K^, 5'^, T^, ...) and holomorphic 
vector bundles E' over the twistor space Z. In the general case, bundles E and E' are not topologically 
trivial, as it takes place in the case of Euclidean space M.^, when V c Z{M.'^) —M.*x CP^. 

5 Holomorphic bundles in the Cech approach 

We are going to analyse the twistor correspondence between self-dual complex vector bundles E over [/ C K.^ 
and holomorphic vector bundles E' over V from the group-theoretic point of view, i.e., we want to describe 
groups acting on the space of transition matrices !Fi2 of the bundles E' , on the space of self-dual gauge 
potentials A and on the moduli space of self-dual gauge fields. In our discussion, we shall use the notion 
of local groups, (local) actions of (local) groups on sets, germs, sheaves and Cech cohomology, definitions of 
which are recalled in Appendices A,B and C. 

In this section, we shall describe symmetries and the moduli space of all holomorphic vector bundles over 
V. This means that we shall consider holomorphic bundles over V which are not necessarily holomorphically 
trivial over CP;^ ^ V, x E U, and do not satisfy the unitarity condition (4.16b). As recalled in Appendices B 
and C, there is a one-to-one correspondence between the set of isomorphism classes of holomorphic bundles 
over a complex space X and the Cech 1-cohomology set H^{X,T-C) of the space X with values in the sheaf 
Ti = of germs of holomorphic maps from X into the complex Lie group . We shall consider this 
correspondence for our case of the complex twistor space V and the group G'' = SL{n, C) and describe it 
from the group-theoretic point of view. 

5.1 Moduli space of holomorphic bundles over the twistor space V 

We consider the two-set open cover IX = {Ui,U2} of V (see § 3.3), where Ui,U2 are Stein manifolds. For this 
cover we have the following q-simplexes (JJaoi ■■■Mag)'- (^i)j ^2), (^17^2)7 (^2Mi)i supports Ui,U2,l^i2 '■= 
lAi n U2 of which are nonempty sets. Further, a q-cochain of the cover 11 with the coefficients in the sheaf 
Ji QSL{n£) jg ^ j^g^p J _ which associates with any q-simplex (plao^ ■■■Ma^) a section of the sheaf Ti over 
Uao n ... nUag- /qo...q, = /(^Qo ^ ■■■ ri^Q,) G HiUao n ... C\Uag)^ In other words, a q-cochain of the cover 
il with values in 7i is a collection / = {/«„.. .a } of sections of the sheaf Ti over nonempty intersections 
n ... n . The set of q-cochains is denoted by C'(ll, 7i) (see Appendix C). In the considered case we 
have the sets of 0-cochains C°(il, H) and 1-cochains C^{ii,Ti). 

The set C°(il, Ti) is a group under a pointwise multiplication. For h — {hi, /12}, / — {/i, /2} G C(il, Ti.) 
we have 

hf = {{hf)i, {hf)2} {hih, h2h} , (5.1) 

where ha, fa G 'HiUa) = V{Ua,'H),Oi = 1,2. The set C^(il, H) of all 1-cochains forms a group under the 
following operation: if ft, = {fti2,/i2i}, / = {/i2,/2i} e C^(il,7Y), then 

hf = {(ft/)l2, {hf)2l} ■■= {hl2fl2, h2lf2l}, (5.2) 

where /ii2, ^2ij /i2j /21 G T-l{Ui2) = V{Ui2,TL). Notice that hi2 and /121 (/12 and /21) are elements of two 
different groups ^(^12) : {fti2,/i2i} e ^(^^12) x ^(^12). 

For the two-set open cover il, sets of 0- and 1-cocycles are defined by the formulae 

Z°{ii, H) = {{hi,h2} e C°(il,?^) : hi = h2 on U12} , (5.3) 
Z\ld,n) = {{/ii2,ft2i} e C\li,n) : hi2 = h^l} , (5.4) 
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and the space TL) coincides with the group H^{V, H) = r(7', H) of global sections of the sheaf Ti. The 

set Z-^{ii, TL) is not a group for the non-Abelian sheaf TL. 

Finally, two cocycles T ^ Z^{ii, TL) are said to be equivalent, T T, ii 

Ti2 = hiTi2h:2^, (5.5) 

for some element h = {/ii, ft.2} G C°(il, TL) restricted to Ui2- A set of equivalence classes of 1-cocycles with 
respect to the equivalence relation (5.5) is called a Cech 1-cohomology set and denoted by H^{ii, TL). In the 
general case we should take the direct limit of these sets H^{il,TL) over successive refinement of cover il of 
V to obtain H^{V,TL), the Cech 1-cohomology set of V with coefficients in TL. But in our case U1M2 are 
Stein manifolds and therefore H^{ii,TL) — H^{'P,TL). The cohomology set H^{V,TL) is identified with the 
set of all holomorphic vector bundles over V with the group SL{n, C) which are considered up to equivalence 
(5.5), i.e., with the moduli space of holomorphic vector bundles E' . 

5.2 Action of the group C^{ii,n) on the space Z\!d,n) 

Suppose that we are given a cover {U^} of the space V, -f — 1,2,..., and the groups C^{{l{j},TL) and 
C^{{Uj},TL) of 0-cochains and 1-cochains. Let us define the following action of the group C° on the group 
(automorphism (7o(/i, •)): 

cro(/i, f)ap = hfjfaphp^ (no summation), (5.6) 

where h = {ha} G C"({iY^}, H), / — {faf}} G {{U^} ,TL) . Now we can define a twisted homomorphism 
JO . (jQ ^ (ji of tj^g gj.Q^p (jo jj^to ^jjg gj.Qyp (ji ^Yie formula g|] 

5\h)c.l3 = Kh-p\ (5.7a) 

where 5°{h) = {5'^{h)ap} £ CH{W^},H). It is not difficuh to see that 

5\hg)^5''{h)aa{h,5\g)), {5.7b) 

i.e., the homomorphism is "twisted" by ctq- The twisted homomorphism S'^ permits one to define an action 
po of the group C° on as on a set. The corresponding transformations act on by the formula j42| 

Po{h, f) = 5°{h)(To{h, f) ^ pn{h, f)ap = hafaph'^^ (no summation), (5.8a) 

Po{9h,f)^Po{g,Po{h,.f)), (5.86) 

where h,g £ C°{{Uj},TL), f G C^{{U^},TL). Of course, in (5.6)-(5.8) it is implied that the components ha 
of the element h £ C'^ are restricted to Uafi. It is not difficult to verify that the action (5.8) preserves the 
space of 1-cocycles Z^[{U^},TL) c {{Wi} ,TL) . 

For a two-set open cover il = {Ui,U2} of V, the action po of the group on the space Z^{ii,TL) of 
1-cocycles has the form 

Po{h,T)i2 = hiTi2h2^, (5.9) 

where h S C°{H, TL), T £ 2'^(it, TC). As already said, the action (5.9) (the special case of (5.8)) preserves the 
space Z^, and the quotient space pi^(C^)\Z^ (po(C'') acts on Z^ on the left), i.e., the space of orbits of the 
group in Z^, 

H\V,TL) = H\ii,TL) poiC^iii,TL))\Z\!d,TL), (5.10) 
is the Cech 1-cohomology set. 

5.3 Action of the group C\ii,n) on the space Z^{!d,n) 

For a two-set open cover il of "P one may define an automorphism (t(/i, .) : — * C^, ft. S C^, of the group 
of 1-cochains by the formula 

<j{K.f)l2^h2lfl2h^,\ (5.11) 

where h, f € (il, TL) , and a twisted homomorphism 6 : ^ hy the formula 

S{h) = {S{h)i2, S(h)2i} = {hi2h^,\h2ih-;}, (5.12) 

where h,S{h) G C^{ii,TL). With the help of the homomorphisms a and S one can define the action of the 
group on itself as follows: 

piK f) = 5{h)a{h, f) ^ p{h, /)i2 = h,2fi2h2i, (5.13a) 
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p{9h,f) = p{g,p{h,f)), (5.136) 

where g,h, f G (it, H) . This action preserves the set (il, H) of 1-cocycles, and for a cocycle T (it, W) 
we have 

Tri p{KT\2 = hr2Tx2h-^l. (5.14) 
It is easy to see that T-2,i '■= hiiTiih^^ = (/ii2.?^i2^2i^)~^ = -^12^; i-e., ^ is a 1-cocycle. 

For /i = {/112, /121} G (^^(il, W), the matrices /ii2, /121 S SL{n, C) are arbitrary holomorphic matrix-valued 

functions on W12 and therefore with the help of the action (5.14) one can obtain any cocycle from Z^{il,'H). 
In other words, the action of C^(it, H) on Z^{il,H) is transitive, and the set Z^ can be identified with a 
homogeneous space C^/C)^, 

Z\il,n) = C^(il,W)/Ci(il,W), (5.15a) 

where 

Ci(if,H) = {{hi2,h2i} e C\U,n) : h2i = hi2] (5.156) 

is the stability subgroup of the trivial cocycle J-"°2 = 1- The group C^(il, Ti) is the kernel of the homomor- 
phism (5.12). Thus, the group C^(il, 7Y) acts transitively on the space Z^{ii,H) of holomorphic bundles E' 
over V. 

Remark. The description of the group and of its action on the space Z^ of cocyclcs in terms of 
matrix- valued functions depends on a cover of the space V. For a general system of local trivializations with 
an open cover {U^}, 7 G /, the elements of Z^dU^j^H) must satisfy the conditions 

•?\iQ = 1 (no summation) on Ua, ^pa=^ap :=UaC\Uij, (5.16a) 

J^aji^pj^-ya = 1 (no Summation) on Uafj-y ■= Ua f^Up tlU-y ^ 0. (5.166) 
Then C^{{Uj},n) acts on G Z^{{U^},H) as follows: 

^oiH ^ Poii3--= p{h,J^)ai3 = Kp^oiph'^l {no snmrnaiion). (5.17) 

It is easily checked that the conditions (5.16a) for T are satisfied, and from the conditions (5.16b) imposed 
on J^af} it follows that 

hafs\Uci3-, = haj\Uci3-,- (5.18) 

It simply means that /la/J are defined on 

U W«/3, (5.19) 

a, pel 

and we denote by C^{{U-y},H) the subgroup of all elements h = {ha^} G C^{{U^},H) satisfying (5.18). 
Thus, we obtain 

z\{u^},n) = c\{u^},n)/ci{{Uj},n), (5.20a) 

where 

ci{{u^},n) = {{h,,3} e c\{u-,},n) ■. hp^ = h^^} (5.206) 

is the stability subgroup of the trivial cocycle = 1. For a two-set open cover il = {^1,^2} we have 
^^(il,?^) = C\ii,n). 

It follows from the definitions that the groups C° (il, H) and (il, H) are direct products 

C°(il,H) =H(Wi) X H(U2)=T{Ui,n) X T{U2,n) 9 {hi,h2}, (5.21a) 

c\ii,n) = niUi2) X HiUi2) = T{Ui2,n) x T{Ui2,n) b {/ii2,/i2i}, (5.216) 

of the groups H{Ui),'H{U2) and Tt{Ui2) of sections over Ui,U2 and Ui2 of the sheaf TL . Respectively, 
C^(il, 7i) coincides with the diagonal subgroup in the group H{Ui2) x Tl{Ui2), and Z^{il,'H) coincides with 
the subset of elements h = {/112, hi2} from the group C^(il, H). 
Collating formulae (5.10) and (5.15), we obtain that 

H\V,n) = po{C'')\C'/Ci, (5.22) 

i.e., the moduli space of holomorphic bundles E' over V is parametrized by the double coset space (5.22). It 
is not difiicult to see that the 1-cohomology set (5.22) is isomorphic to 

(i) the set of C^-orbits in := pq{C°) \ C\ 
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(ii) the set of C'^-orbits in = C^/C\, 

(iii) the set of C^-orbits in x Z\ 

where an action of h E on {y, z) G x is defined by the formula 

X (yi X Z') 3 {hAy,z)) : {y,z) ^ {vh,p{h-\z)) e x Z\ 

To sum up, for the space Z^{ii, H) of holomorphic bundles E' over V, the group C^(il, H) of 1-cochains 
for the cover il with values in the sheaf Ti. of non-Abelian groups acts on the transition matrices J^i2 of 
bundles E' by the left multiplication on matrices /112 G Ti.{Ui2) and by the right multiplication on matrices 
€ H{hii2)- This group acts on Z^ transitively, and the space Z^ is the coset space (5.15a) (or (5.20a) 
for an arbitrary cover of P). So C^(ll, H) is the symmetry group of the space of holomorphic bundles E' in 
the Cech approach. The moduli space H^{V,7i) of bundles E' is the double coset space (5.22). 

5.4 The group S^{V) of automorphisms of the complex manifold V 

Let X be a compact smooth manifold, G a compact simple connected Lie group and Aut G a group of 
automorphisms of the group G. Consider the group Map {X\ G) of smooth maps from X into G and the 
connected component of the unity Mapg [X] G) of the group Map {X\G). It is well-known that the group of 
automorphisms of the group Mapg (X; G) is a semidirect product 

Diff {X) K Map (X; Aut G) (5.23) 

of the diffeomorphism group Diff(X) of the manifold X and the group of automorphisms Map (X; Aut G) 
(for proof see § 3.4 in |^). 

As a set the space ^^(il, TL) considered above coincides with the group Map (W12; SL{n, C)) of holomorphic 
maps from U12 into SL{n, C) and it is an analogue of the group Mapg {X;G). The group C^(il, H) acting on 
the space Z^{!d,H) is respectively an analogue of the group of automorphisms Map (X; Aut G). It is clear 
that there should be an analogue of the diffeomorphism group from (5.23), i.e., some group of transformations 
of the coordinates of the space V acting on the set Z^ (il, H) . 

Remember that as a smooth manifold the twistor space is V — U x S^. At the same time, 'P is a 
complex 3-manifold, and in § 3.3 we have introduced the complex coordinates zi : Ui ^ , Z2 '■ U2 ^ 
on V and the holomorphic transition function /12 connecting zi and Z2 on lAi2. Let 77 : T' — > be an 
arbitrary transformation from the group Diff(7') of diffeomorphisms of the twistor space V. Let us denote 
by Ui := r/(Wi), U2 ■— ??(^2) the images of the open sets Ui,U2 in V. We have 

rj{V) = r]{Ux[JU2) = 77(^1) U 77(^^2) - Ui ^1^2, (5.24a) 

77(^12) = 7?(Wi n U2) = 7?(Wi) n 77(^2) =Uin U2, (5.246) 

since the map 77 is a bijection. 

Let us consider the restriction of the map 77 to U12, i.e., the local diffeomorphism 7/ \uj_2 - U12 ^ P- On 
^12 = '7(^12) one can always introduce complex coordinates zi : U12 ^ C'^, £2 • ^12 ~^ C'^ related by a 
holomorphic transition function /12 such that the map 77 jiy^j : IA12 U12 will be holomorphic in the chosen 
coordinates. In other words, domains IA12 and U12 are biholomorphic and there exist holomorphic functions 
771 , 772 such that Q 

o 77 = r^l{z\), z^orj = r^^iz'^), = /{'^(z^^). (5.25) 

These maps form the (local) group Sj{Ui2)- 

Having the group Sj(Ui2) of local holomorphic maps 77 \ui2- ^12 — * P, one can define its action on 
transition matrices J- of holomorphic bundles over V. But in this connection the following questions arise: 

1. Is it possible to introduce on Ui UU2 complex coordinates zi : Ui ^ C^, Z2 : U2 ^ C'^ related by a 
holomorphic transition function /12? 

2. Can the coordinates zi, Z2 on IA12 be extended to Ui, U2 and will they be equivalent to the coordinates 

zi, ^2? 

The diffeomorphism group Diff {V) acts not only on transition matrices of bundles E' over P, but also 
on the complex structure of the space V. But a change of the complex structure of the space V leads to a 
change of the conformal structure and a metric onU C M'* by virtue of the twistor correspondence |l^ . 
If we are interested in symmetries of the SDYM equations on the space U with a conformally flat metric, 
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then we have to consider only those difFeomorphisnis ry e DifF (V) which preserve the complex structure of 
V. These maps t] : V ^ V form the group of biholomorphic transformations of the space V which we shall 
denote by S){V). It is a subgroup of the diffeomorphism group: Sj{V) C Diff (T'). 

In the coordinates 2:1, -22, ^ii ^2 transformations r] € i5('P) are defined by the holomorphic functions 

o r; = o = ry«(z2), 5? = f^,{2',). (5.26) 

Formulae (5.26) are not always convenient because there the coordinates Za are calculated at points p &P, 
and the coordinates Za are calculated at points q = ri{p) e V. It is often more convenient to define r] by 
transition functions rja^ from Za to zp in the domains Ua riU^ (if Wq, n 7^ 0), then Za and z^ are 
calculated at the same points p £ Ua riUf^. For example, the conformal transformations (2.4) of the space 
induce such holomorphic transformations of coordinates {z^} ^ {z^} of the twistor space Z = Z{M.'^) 
that on Ui Ui we have 

translations : z{ = z\ + a\ — a2zf, zf = zf + a2 + aizf, zf = zf, 

(l)=(^n)(3)' (^o--'^'' 

dilatations : zl = e^zl, zf = e^zl, z\ = z\, 



rotations 
induced by {Xg} 

rotations 
induced by {1^} 



special conformal z\ _^ z\ _^ z\ — a\z\ -\- oliz{ 

transformations ' ^ 1 + a\z\ + (xiz^ ' ^ 1 + (y.\z\ + 0:2-21 ' ^ 1 + ol\z\ + a^z^ 

Here ai, 02, ai, 0:2 G C, a G M. 

5.5 Action of the group ^5(7^) on the space Z^{il,H) 

Ac;tion of the group Sj{V) of complex-analytic diffeomorphisms of the space V on transition matrices of 
holomorphic bundles E' over V is defined in the following way. We consider a two-set open cover 11 = {Ui , U2 } 
of V and a transition matrix G Z^{^, Ti.) of a bundle E'. After a transformation Sj{P) B rj : V ^ V we 
have a new cover ii = {Ui,h{2}, U\ = r]{L(i), U2 = ??(Z^2)- Let us consider the common refinement both of 
the covers. Denote 

Ui := UiHUi, U2 ■■= Ui n U2, U3 Z^2 n Z^i, Ui ■■= U2r\U2, (5.27a) 
to give the refined cover it = {Wi, W2,Z^3,Z^4}• 
The cocycle G Z'^{iX,l<) induces the following 1-cocycle T G Z^{il,n): 

T = {Tx2.Tx3,Txi,T2-i.T2i,TzA\ := {1, ^12(^1"), .^12(^1"), .^12(^1"), .^12(^1"), 1}, (5.276) 
where is defined in Uaji '-—Ua H and 

Ux2 ■■= Wi n W2 = Wi n U12, Wis := Wi n % = 2^12 n Ui, Uu ■= Uir\Ui = U12 n 2^12, 

U23 := ZY2 n % = U12 n W12, 2^24 := U2(MJa= U12 n U2, U^a ■■= W3 n W4 = W2 n 2^12. (5.28) 

The cocycle is equivalent to the cocycle J^, and the group S^CP) acts on G Z^{U.,H) as follows: 

9){r) 3r,: J^^P^ piv, T) = J^ = {TI2, ^h. ^4, ^^3, -^4, ■^3'4}, 

P^2 ■■= 1, ^3 := ^Mi^i)), Hi ^i2(r/?(zi)), 
•^2'3 ■■= ^Mi^i)), ^2^4 •^i2(./i"2(%'(^2))), ^^4 1- (5-29) 

In the general case cocycles ^ and J^"^ are not equivalent and therefore the group Sj{V) of biholomorphic 
transformations of the twistor space V acts nontrivially on the space Z^{!d, H). This action includes refining 
of the cover and a transition to an equivalent cocycle. 
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It is usually considered that elements rj e •f)('P) which are close to the identity do not move the covering 
sets. That is, if rj is close to the identity, it is possible to define the action of such rj E S){'P) as follows: 



Piv, ■) : -^12 ^ Piv,^)i2 = J'u = •^^12(771(^1)), 



(5.30) 



i.e., without using the refined cover il. In other words, the action of a neighbourhood of unity of the group 
Sj{'P) maps 7i) into itself. In what follows we shall study just this case. 

we come to the conclusion that the full group of continuous 



Returning to § 5.3 and to the beginning of \ 



5.4 



symmetries acting on the space Z^{il,H) of holomorphic bundles E' over 'P is a semidirect product 

sj{r) ^ c\ix,n) (5.31) 

of the group ^{V) of holomorphic automorphisms of the space V and of the group C^(il, W) of 1-cochains 
for the cover il with values in the sheaf H of holomorphic maps of the space V into the Lie group SL{n, C). 



6 Symmetries in holomorphic setting 

6.1 Germs of sets and groups 

Let B he a. set with a marked point e E B. The element e is called the unity . If B and C are sets with the 
marked points which we denote by the same letter e, then a homomorphism of the set B into the set C is such 
a map ip : B ~* C that (p{e) = e. The homomorphism B — > C is said to be the isomorphism if it maps B onto 
C bijectively. The set Kercp = ip~^{e) with the marked point e is called the kernel of the homomorphism (p. 

Let X be a set with a marked point e, and let Yi,Y2 be two subsets of the set X also containing the 
point e. The sets Yi, Y2 are called equivalent at the point e if there exists such a neighbourhood Y3 of this 
point that Yi n Y3 = Y2 DY^. The class of all sets equivalent to the set Yi is called the germ of this set at 
the point e and denoted by Y ||4^ . The sets Yi,Y2,Y3 are representatives of the germ Y of sets. 

In Appendix A, a notion of group germs S ||45| based on the definition of germs of sets is introduced. 
Representatives of the group germ S are local groups, i.e., open neighbourhoods Q of the identity e = 1, 
which are closed under all group operations (multiplication, operation of inverse etc). In particular, we shall 
consider the germs C and Sj of the groups C^{!d,H) and i5('P) described in §||. 

6.2 Holomorphic triviality of bundles E' on CP^. ^ V 

Let us consider the twistor space Z = Z(M'*) of and the moduli space H^{Z, H) of holomorphic bundles 
E' over the space Z. With the sheaf H = C)-SL(n,c) j-qJ- ggj-j^g) of holomorphic maps from Z into the 
group SL{n, C) one associates the sheaf (of germs) of holomorphic maps from Z into the Lie 

algebra sl{n,<C). The Abelian group (by addition) of cohomologies ^^^(Z, 0"'("''^') of the space Z with 
values in the sheaf parametrizes infinitesimal deformations of the trivial bundle E'q = Z x and 

dimiJ^-^^O"'^"'*^^) 

= 00, i.e., in an arbitrarily small neighbourhood of the trivial bundle Eq there exists an 
infinite number of holomorphically nontrivial bundles E' . 

Let us fix an arbitrary point xq S K.^ and consider a real projective line CP;^^ embedded into Z. Now 
we consider the restriction O^'J"'*^^ := O'sK'^.C) ^^^^^^ q£ ^^le sheaf ©'■'(".C) £;pi^ ^^^^ ^^le cohomology 

group H^{<CPl.^, Oxo"'''^^) parametrizing infinitesimal deformations of the trivial holomorphic bundle E'q^^ := 
CP;^^ X C". It is easily seen that 

iJi(CPi„,<("'C)) = 0, (6.1) 

because H^{CP^,0) = 0, where O is the sheaf of germs of holomorphic functions on CP""^. The equality 
(6.1) means that there exists a sufficiently small open neighbourhood U C of the point xq and an open 
subset M B e oi the space H^{V,H), where V C Z is the twistor space of U, such that for the bundles E', 
representing points [E'] of the space Ai C H^{V, H), their restriction E'^ to CP^ ^ V will be holomorphically 
trivial for any x € U (version of the Kodaira theorem). In other words, small enough deformations do not 
change the trivializability of the bundle E' over real projective lines in a neighbourhood of a given projective 
line CPl^ (for discussion see e.g. |3^, |40|). 

Projective lines {CP^}^:^;/ form a family of complex 1-manifolds parametrized hy x E U, and CF]. 
coincides with CP^ x {x} in the direct product CP^ xU :^'P. We consider holomorphic bundles E' over P with 
transition matrices from Z^{il, H.) and their restriction to CP;]. ^ V , x E U . Then a family of holomorphic 
maps ^^12(2;, A) from U x ili2 into SL{n, C) determines a family of vector bundles E'^ E' |cpi over CPiJ,, 
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labelled by the parameters x £ U C Mf^. In this family there exists a marked family of holomorphically 
trivial bundles Eq^ — CP!|, x C". Finally, we have introduced an open subset M of the set H^{V,n) (being 
an open neighbourhood of the marked point e G H^{'P,H)) of moduli of those bundles E' from H^{V,H), 
which are holomorphically trivial on CP]. ^ V for all x G U. With each point m = [E'] G M one can 
associate a bundle £m ■= E'(m) over V. Then we have a family {£m}meM of holomorphic bundles over V, 
parametrized by m G A^. The marked point in this family is the trivial bundle Sq := E'{e) (the isomorphism 
class of the bundle E'q). 

Let X be a complex space. Consider a family of holomorphic vector bundles of rank n with the base 
X and a family of complex parameters T, i.e., a holomorphic vector bundle £ of rank n over X x T. The 
space T is called the base of deformation. For t G T, we denote by £t a bundle over X which is induced 
by restriction of f to X x {t} with a natural identification X ^ X x {t} [Q. In our case, we have a 
holomorphic vector bundle £ of rank n over V x M, A4 C H^{V,TC). 



Using the definitions of § |6.1| , one can consider sets equivalent to the set M, and a class of all open subsets 
in H^{V,Ti,), equivalent to the set A4, defines the germ M of this set at the point e. Of course, the notion 
of equivalence is supplemented here by the demand that all representatives A4' , ... of the germ 3Vt should 
be moduli spaces of those bundles from Z^{!d,TC) which are holomorphically trivial on CP;^, X G U. Let us 
stress that a choice of a concrete representative Ai,M', ... of the germ M is not essential since a different 
choice gives equivalent deformations of the bundle Eq. That is why in the modern deformation theory of 
complex spaces and holomorphic bundles as a base of deformation one takes not a set with a marked point 
e but the germ of this set at the marked point (see e.g. [^). 

Now we take a point m = [E'] G A4 and the transition matrix !F(m) G (il, T-L) in the bundle E' 
representing this point. Acting on T{m) by all possible elements of C*'(il, 7i) by formulae (5.8), (5.9), we 
obtain an orbit po{C'~'){J-'{m)) of the point J-{m) G Z^{ii.,Ti.) under the action po of the group C'~' {ii, H) . 
This orbit coincides with the space C{ii,H) := C'~'{ii,H)/H'^{T',Ti.), and we denote it by Cm{il,Ti,). Consider 
the union of orbits 

A/'= U Cm{!d,n). (6.2) 

The space A/" C Z^{!d, Ti) is a bundle over A4 associated with the principal fibre bundle P{M, C"), 

P{M,C°{U,n)) xco(u,w)C(5i,7^), (6.3) 

and the group C° acts on M on the left. The space A/" is a neighbourhood of the unity T° = 1 in the 
space Z^{ii, H). We consider an open subset TV' C Z^{ii, H) equivalent to TV and such that for all transition 
matrices from TV' there exists a solution of the Riemann-Hilbert problem (4.17) on CP], and G TV'. 
Then we can introduce the germ "N of the set TV at the point as a class of sets equivalent to TV. 

The group C° (il, Ti) acts on any representative TV of the germ 'N, and we have 

M=po{C")\M, (6.4) 

i.e., A4 is a set of orbits of the group in the space TV (cf. (5.10)). By virtue of the Penrose-Ward 
correspondence described in there is a bijection between the space TW and the moduli space of real- 
analytic solutions to the SDYM equations on an open set U C which are sufficiently close to the trivial 
solution Af) ^ 0. A set of all such solutions is called the space of local solutions (a small open neighbourhood 
of the point Aq = 0). So, Ai is bijective to the moduli space of local solutions to the SDYM equations with 
the marked point Aq = 0. However, as a marked point in Z^{iX,'H) one can choose a transition matrix 
of a bundle E' over V, holomorphically trivial on CP^^j, which corresponds to a solution A of the SDYM 
equations. Then one can consider bundles (trivial on CP]., x G U) with transition matrices from an open 
neighbourhood TV C Z^{ii.,Ti,) of the point T and the moduli space Xi = po{C^)\N' of these bundles. This 
space Ai will be bijective to the space of local solutions to the SDYM equations that are near the solution 
A. 



6.3 Jumping points and jumping lines 

Let us consider a holomorphic bundle E' over the twistor space Z = L^^ L^^ ~ x CP^ such that 



its restriction to V C Z belongs to the space TV C Z^{il,H) introduced in § B.2. In general the bundle E' 



will be holomorphically trivial on real projective lines CP], parametrized not by x from U but by x from a 
"wider" open set U' D U . Those points x from M^, for which -E'Icpi are not holomorphically trivial, are 
called the jumping points, and projective lines CP\ corresponding to them are called the jumping lines. In 
the Ward construction the jumping points give rise to singularities in the gauge potential A. The set R'' — U' 
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of jumping points has codimension 1 (hypcrsurface) or more, i.e., the set U' is an open dense subset in K^. 
Lines CP!^ with x € U' are called generic lines, and semi-stability of the bundle E' is equivalent to being 
trivial on the generic line. For more details see e.g. |3^, |40|] . 

Now we consider a holomorphic bundle E" over Z such that its restriction E"\-p to V belongs to A/", and 
E" is nonequivalent to the bundle E' considered above. So, E'l-p and E"\'p correspond to different points 
from the moduli space Ai. The bundle E" will be holomorphically trivial on CP;|, with x from an open set 
U" D U and in the general case U' ^ U" . In other words, subsets of jumping points for the bundles E' 
and E" do not coincide. At last, one can consider bundles over Z which have no jumping points in 

C S'^. The restriction of i5-„st to V belongs to JV, and instantons are parametrized by a subset JVinst 
in the set JV. It is clear that Minst C A/" is a "small" subset of Af, and for a fixed topological charge the 
dimension of the moduli space Mmst is finite. 



6.4 Representatives Aio and A/q of the germs M and Tsf 

In § |6.2| the germ M at the point e of the set A4 and the germ INf at the point J-'^ of the set J\f have been 
introduced. As an example, we shall describe some representatives Mq and Aq of these germs using the 
standard e-d language. 

Consider the twistor space V for an open ball ?7 = {a; G R"* : (x — xq)^ < Tq} of the radius ro with a center 
at the point xq the cover il = {Ui,U2} of V and the space Z^{ii, H) of holomorphic vector bundles over 

V. For the cover D — {r2i,f22} of CP^ from §3.2, we consider the closure := {A G C : ai < |A| < 012} of 
the open set J7i2 = fii fl 02- Let U be the closure of the open set U: U = {x gM.^ : {x — xo)^ < Tq}. Then 
the closure of the open set Uu — U x fli2 is 

Z7i2 =17x1^12, (6.5) 

and U12 is a compact subset of the set V. 

We assume that matrix- valued transition functions T12 of bundles E' are not only holomorphic on U12, 
but also smooth on Ui2. This mild assumption can be replaced by the condition of holomorphy of J-'i2 
in an open i5-neighbourhood of the set IJ12 with sufficiently small S > Q|. Length |^| of a vector 
^ = (^1, ...,^n) G C" is given by the formula |f |^ J2 16 P — X^^Ci- We consider complex n x n matrices 

i i 

A = (fly) defining a linear transformation A : ^ i—>- A^. For the matrices A we define a norm \A\ by setting 
(see e.g. [||): 

\A\ := max = max \Af\ (6.6a) 

Now let us introduce a norm [j • j| on the space Z^{il,H) setting 

\\T\\= max \Ti2izi)\ (6.66) 

for G Z^{ii,H). Then Z^(il, 7i) turns into a topolo gica l space. 



It follows from the equality (6.1) discussed in § x2, that there exists such a positive number ri{x) 



depending on x G U that the bundle E'^ = E'\£pi will be holomorphically trivial if its transition matrix 
satisfies the condition 

max \Ti2{x,X) — 1| < ri{x). (6.7a) 
AGni2 

The function ri (x) : U ^ M. can always be chosen smooth. It maps the compact space U into R and therefore 

^^1(2;) > ?'i :~ minri(x), (6.76) 

xeu 

i.e., it is bounded from below. Moreover, one can always choose such a radius tq of an open ball U that ri 
will be positive: ri > 0. 

We fix the radius ro of an open ball U and consider all JF e Z^{!d,7i) such that 

II J- - 1 11= max 1^12(^1) - 1| < n, (6.8) 

i.e., we consider the transition matrices T € Z^(U.,H) close to the identity in the norm (6.6b). By virtue of 
(6.7b), all such transition matrices will satisfy the condition (6.7a) for any x G U and therefore holomorphi- 
cally nontrivial bundles E' over V, associated with them, will be holomorphically trivial on CP^ ^ V for 
all X eU. 
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Notice that in the general case the action (5.9) of the group C°(H, H) does not preserve the condition (6.8) 
on ^ G Z^{ii.,T-C), but it preserves the condition of holomorphic triviahty of bundles E' on CP].. As such, 
we can act by the group C°(il, 7i) on the space of all J-"'s satisfying inequality (6.8) and "spread" this space 
over the space Z^{ii, TL). As usual, two matrices and JF satisfying the condition (6.8) are considered to be 
equivalent if they are connected by formula (5.9). Factorizing the space of all transition matrices satisfying 
(6.8) by this equivalence relation, we get a moduli space A^o- The space M.^ is one of representatives of the 



germ M at the point e = [E'^] of the moduli space of holomorphic bundles introduced in § 3.2. 
Now, following § |6.2| , we introduce the space 

A/'o- U C™(il,H), (6.9) 

obtained by the "spread" of !F{m) over the space Z^{ii, H) with the help of the action of the group C'~'{ii, H). 
We have (cf.(6.4)) 

Xo=Po(C^°)\A/'o, (6.10) 

i.e.. Mo is the space of orbits of the group C°(il, H) in the space A/q. The space TVq is an open neighbourhood 
of IF^ = 1 in the set Z^{U., TL) and is one of representatives of the germ N at the point = 1 of the space of 
holomorphic bundles described in § |6.2| . So, for transition matrices J^i2 from A/q the Birkhoff decomposition 
(4.17) exists for aU x eU. 

6.5 Symmetries of local solutions in the Cech approach 

We consider the space Z^{ii,H) of holomorphic bundles E' over V and the open subset TV in Z^(il, 7i) 



introduced in § 3^. In §§^ — we have defined the group (3{V,H) :— ^{V) k C^(il, H) and described 
its action p on the space Z^{ii,T-C). This action, of course, does not map JV into itself (or into another 
representative of the germ ]\f), and one should consider a local action of the group Q5(V,'H). 

Let us consider an open neighbourhood ^ of the identity of the group S^{V), an open neighbourhood £ 
of the identity of the group C^(il, 7i) and an open neighbourhood k £ of the identity of the group 



©(P, 7i). As explained in the Appendix A and § 6.1, the local groups S), £ and (5 are representatives of the 
germs ^, C, <J5 at the identity of the groups ^{V), C^(U, 7i) and 0{V,H), respectively. As local groups, S), 
€ and 6 are isomorphic to the groups Sj{V), C^(il, 7i) and &{V,H). 

The above-mentioned representatives of the germs Sj and (£. can always be chosen so that the local group 
& will map the set TV into itself. In more detail, there exists a subset TV' of the set TV (TV' is another 
representative of the germ ]\f) such that we have a map p : © x TV' TV. The map p : TV" TV, where 
TV" = {(a, ^) G 6 X TV : p{a, T) E TV} is an open subset in x TV containing {e} x TV, is also defined. In this 
case, the properties p{e,!F) = T, p{a, p{b, T)) = p{ab,!F) etc. are fulfilled for all {a,J-) £ TV". In particular. 



the local group of biholomorphisms acts on the space TV by formula (5.30) from § 5.5 
For the matrix local group £ we introduce the diagonal subgroup 

£a :=£nCi(5i,7^), (6.11) 

which is the local stability subgroup of the marked cocycle TT" g TV. For the definition of the group Cj^(ll, Ti.) 



see (5.15b). Then, by repeating all the arguments of § 5.3 in terms of the local groups, we have 



TV~£/£a, (6.12a) 

i.e., TV is a coset space. In other words, for each representative TV of the germ ]\f of the space of bundles, 
holomorphically trivial on CV], ^ V, one can always choose a representative £ of the germ C of the group 
of 1-cochains such that (6.12a) will take place. In fact, (6.12a) is a consequence of an isomorphism of germs 

N-C/Ca. (6.126) 

Combining (6.12a) and (6.4), we obtain 

M - poiC'')\€/€A, (6.13a) 

i.e., the moduli space of local solutions to the SDYM equations is a double coset space. Again, (6.13a) is a 
consequence of the isomorphism of germs 

po{C°)\€/€a. (6.136) 
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Thus, the full group of continuous symmetries acting on the space A/" is a semidirect product 

© = i3x€ (6.14) 

of the local group of holomorphic automorphisms of the space V and of the local group £ of 1-cochains 
of the cover it with values in the sheaf Ti. = Q^^i^^'^) of holomorphic maps of the space V into the group 
SL{n,C). 

6.6 Unitarity conditions 



As it was discussed in § 4.4, the transition matrices J-12 in holomorphic bundles E' V which are compatible 
with the real structure r on "P have to satisfy the additional condition (4.16b). Denote by 

Zl{ii,n) := {t e Z\ii,n) : tUt{zi)) = Tuiz^)} (6.15) 

a subset of transition matrices satisfying this unitarity conditions. 

We should next define subgroups C° in C° and in such that their action, described by formulae 
(5.9) and (5.14), will preserve Z^{ii, H). It is not hard to see that 

C°(it,H) = {{h,,h2} e C°(il,H) : hl{T(z,)) = h^\zi)} , (6.16) 

Cl{ii,H) = {{/ii2,/i2i} e C\ii,H) : h{^{T{zi)) = h^,\zi)} . (6.17) 
Actions of these groups on have the form 

T12 ^ ^12(^1) Po{h,T)u - /ii(zi)J^i2(zi)/iI(T(zi)), h S C°, (6.18) 

:Fi2^:Fi2{zi):=p{h,J^)i2^hi2{zi)Tu{zi)h\^{T{zi)), h e C^. (6.19) 

By the definitions (6.16) and (6.17), C°{il,H) and C^iU,n) are real subgroups in C'^{il,H) and C^{U,n), 
respectively. 

The cocycles J-12 and J-12 from (6.18) define equivalent bundles E' ~ E' , Tyi ^ JF12, and one can 
introduce a 1-cohomology set Hl{ii,H) as a set of orbits of the group po(C°) in the space Z^{ii,'H) of 
transition matrices compatible with the real structure t onV , 

Hl{^,n) := po{C°{!d,H))\Zl{!d,H) C H\li,n). (6.20) 

For the cover 11 = {L(i,U2} we have Hl{V,H) ~ H^{ii,H). So, the real structure t on P induces a real 
structure on H^{'P,'H), and H^{'P,'H) is a set of real "points" of the space H^{'P,'H) corresponding to the 
bundles E' with the unitary structure (6.15). 

Consider the action of the group on Z^. As a stability subgroup of the element J^'-^ = 1 compatible 
with the real structure we have the group 

■■= ClnCi = {{/ii2, h2i} e Cl{!d,H) : /ii2 ^h2i}, (6.21) 

and the space Z^ (il, 7i) can be identified with the quotient space 

z'^{n,n) = cl{iL,n)/cl^{ii,H). (6.22) 

The moduli space H^{P, H) of holomorphic bundles E' with the unitary structure coincides with the double 
coset space 

ffi := po(C°)\Ci/Ci^, (6.23) 

and this set is isomorphic to (i) the set of C^^-orbits in :— po{C^)\C^, (ii) the set of C°-orbits in Z^, 
(iii) the set of C^-orbits in x Z^. 

As to the group ^{V), the action of which on Z^{il,T-C) was described in § 5^, one should choose in it a 
subgroup Sjri'P) of those transformations 77 G ^{"P) which are compatible with the real structure t on V. In 
terms of the functions rji and 772 from (5.26) representing rj in the chosen coordinates it means that 



77j(T(zi))-i?b"%^(z2), (6.24) 
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where the coefficients are written down in (3.21). Thus, the symmetry group acting on the space Z^{ii, H) 
of holomorphic bundles E' satisfying the unitarity conditions is the group 

(&^{r,n):^sjr{r)t<cl{ii,H). (6.25) 

This group is a real subgroup in the group (5.31). 

Further, going over to local solutions, we introduce a subset TVt of those transition matrices from Af 
which satisfy the condition (4.16b), i.e., A/V := M Ci Z^(il, 7Y). One analogously introduces the moduh space 
Mr := Mn Hl{V, n), the real local groups 9jr n S)r{V), := £ n C^(il, U) and the germs ij^, 
corresponding to them. Then one obtains isomorphisms 

Mr ^ €r/€rA, Mr ^ po {C^)\€r / €r A , (6.26) 

corresponding to the isomorphisms (6.12), (6.13). At last, as the symmetry group of the space of real local 
solutions in the Cech approach one gets the local group 

0r = i3r X £r, (6.27) 

which is a semidirect product of the local groups Sjr and €r- 



7 Holomorphic bundles: the Dolbeault description 

7.1 Some definitions 

The well-known Dolbeault theorem reduces a computation of cohomology spaces of a manifold X with the 
coefficients in a sheaf of germs of holomorphic maps from X into a complex Abelian group T to problems 
of calculus of T-valued differential forms of the type (0,q) on the manifold X (isomorphism between Cech 
and Dolbeault cohomology groups) We want to describe an analogue of the Dolbeault theorem for the 
sheaf H of germs of holomorphic maps of the space V into the non- Abelian group SL{n, C), following mainly 
the papers This will permit us to describe symmetries of the space of local solutions to the SDYM 

equations on [/ C K**. But ffist, let us recall some definitions for objects which will be considered below. 

Let K he a, sheaf of groups and A a sheaf of sets on X. We shall say that K acts on A if for any x ^ X 
the group acts on Ax, and also this action is continuous in the topology of the sheaves K and A. It 
is said that K transitively acts on A, if transitively acts on Ax for each x X. In this case A can be 
identified with a quotient sheaf K/K', where K' is a sheaf of stability subgroups K'^ and stalks of the sheaf 
K/K' are quotient spaces Kx/K'^. Conversely, if K' is a subsheaf of subgroups in if, the sheaf K/K' can be 
considered as a sheaf of sets with marked section x ^ K'^, x € X, on which K transitively acts on the left. 

7.2 The sheaves S, and B 

Consider the sheaf S of germs of smooth maps from V into the group SL{n,C). The sheaf Ti of germs 
of holomorphic maps V — > SL(n,C) is a subsheaf of the sheaf S, and there exists a canonical embedding 
i : 7i — > iS. Consider also the sheaf i3°'* {q — 1,2, ...) of germs of smooth (O,q)-forms on V with values in 
the Lie algebra sl{n, C). Let us define a map S° : S ^ B°'^ given for any open set U of the space V by the 
formula 

S"ijj -~{di^)ijj^\ (7.1) 

where i/j G S{14), S'^ifj £ B°'^(W), d = d + d. Let us also introduce an operator : S"'^, defined for 

any open set U C V hy the formula 

PB^BB + IBAB, (7.2) 

where B G B°'\U), S^B e B°'^{U). In other words, the maps of sheaves S° : S ^ B°^^ and : B"^^ B°^^ 
are defined by means of localizations. In particular, onUi G V we have 

{SUl)a = -{V}'^l)i'^' (7.1') 

- V^'^Bi'^ - K^'^Bi'^ + [Bi'\Bi'\ (7-2') 

The sheaf S acts on the sheaves S"''' {q = 1, 2, ...) with the help of the adjoint representation. In particular, 
for any open set U G V we have 

B ^ Ad{il>,B) =il>^^B^ + il>''^d^ij, (7.3a) 
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F Ad{ij,F) ^ijj-^F^, (7.35) 

where i> € S{U), 13 e B°-\U), F e B°'^{U). 

Denote by B the subsheaf in B^'^ consisting of germs of (O,l)-forms B with values in sl{n,C) such that 
6^B = 0, i.e., sections B over any open set U of the sheaf B = KerJ^ satisfy the equations 

BB + B AB ^0, (7.4) 

where B G o^-^iU). So the sheaf B can be identified with the sheaf of (O,l)-connections — d + B in the 
holomorphic bundle E' over V. 

7.3 The sheaves S, B^''^ and B 

Recall that V is the fibre bundle with fibres CPiJ, over the points x from U cW^, and the canonical projection 
TT : ■p — > [/ is defined. The typical fibre CP^ has the S'J7(2)-invariant complex structure j (see §3.2), and 
the vertical distribution V = KerTr* inherits this complex structure. A restriction of V to each fibre CPj,, 
X G U, is the tangent bundle to that fibre. The (flat) Levi-Civita connection on U generates the splitting of 
the tangent bundle T{V) into a direct sum 

T{V)^V®H (7.5) 

of the vertical distribution V and the horizontal distribution H . 

Using the complex structures j, J and J on CP^, U and V respectively, one can split the complexified 
tangent bundle of V into a direct sum 

T^{V) = (V^i'O © iJi^O) © (l^O'i © i?°'^) (7.6) 



fields with the basis V^'^^ = d-^onUi dV and = on U2 C V. The vector fields (3.4a), (3.4b) and 
(3.11a), (3.11b) form a basis in the normal bundle H'^'^ of a line CP;^ > V . 



of vectors of type (1,0) and (0,1). So we have the integrable distribution V^'^ of antiholomorphic vector 

: V 
mal 

Having the canonical distribution V'^'^ on the space V, we introduce the sheaf S of germs of partially 
holomorphic maps Tp : V —> SL{n,C), which are annihilated by vector fields from V'^'^. In other words, 
sections of the sheaf S over open subsets U C V are S'i(n, C)-valued functions on U, which satisfy the 
equations 

dxtp^O on UnUi, d^t/j^O on U nU2, (7.7) 

i.e., they are holomorphic along CP]. '-^ P, x E U. It is obvious that the sheaf H of holomorphic maps from 
V into SL{n, C), i.e., smooth maps which are annihilated by vector fields from © is a subsheaf of 

S and 5 is a subsheaf of S. 

Consider now the sheaves B'^''^, introduced in §7.2. Let be the subsheaf of (O,l)-forms from 
vanishing on the distribution V'^'^. In components this means that for any open set U <ZV 

sf^^O on Ur\Ui, bP^O on U r\U2, (7.8) 

where B^^-* belongs to the section of the sheaf B'^'^ over Ui, and i?^^^ belongs to the section of the sheaf B^'^ 
over U2. So is the subsheaf of B° \ 

The map i5°, introduced in § 7.2, induces a map : S B'^'^, defined for any open set U of the space V 
by the formula 

6"^ = -{dtlj)ij-\ (7.9a) 

where ip S S{U), S^ip € B^'^{U). Analogously, the operator induces a map : B°-^ — > B°-^, given for any 
open sctU izV by the formula 

S^B = dB + BAB, (7.10a) 
where B e B°'^{U), S^B e B° '^{U). In particular, on Ui C P we have 

^Vi = -{(v;^'Vi)V'r'}^7i), (7.%) 

~S'B^'^ = I {vy^Bi'^ - + [Bi'\Bi'^]}ef,,Ael^, (7.106) 

where the (0,l)-forms {e^'al were introduced in §||3[ -01 e 5(Wi), S'l' e ;B°^i(Wi). 
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The sheaf S acts on the sheaves 6°'^ and 6"'* by means of the adjoint representation. In particular, for 
B'^'^ and B'^'^ we have the same formulae (7.3) with replacement by ip € S{U), 

B ^ Ad{i:,B) ^i^-^Bij + ^j-^di), (7.11a) 

F ^ Ad{'il!,F) ^ij~^F^P, (7.115) 

where B e B°^\U), F e B^>-^{U). 

At last, let us denote by B the subsheaf of B'^'^ consisting of germs of sl{n, C)-valued (O,l)-forms B such 
that S^B = 0, i.e., sections B of the sheaf B — KerJ^ satisfy the equations 

dB + B AB = 0. (7.12a) 

In components for B G B^'^{Ui) on the open set Ui eqs.(7.12a) have the form 

y/^)i3«-y«i3« + [sW,i?(^)]=0, V,^'^b['^^0, V.^'^B^'^^O, (7.126) 

since -63^'' = 0. We have analogous equations on U2 C P. 

7.4 Exact sequences of sheaves 

Let us consider the sheaves S, B'^'^ and The triple {S, with the maps and 5^ is a resolution 

of the sheaf Ti., i.e., the sequence of sheaves 

l^H^S^ 6°'! i (7.13) 

where i is an embedding, is exact. For proof see Restricting S'^ to S C S and 5^ to C B'^'^, we 
obtain the exact sequence of sheaves 

l^H^S^ ^O'l ^ B°^^ (7.14) 

where 1 is the identity of the sheaf 7i. 

By virtue of the exactness of the sequence (7.13), we have 

S°S = KciS^ =B. (7.15a) 

Since 5° is the projection, connected with the action (7.3a) of the sheaf S on B^'^, the sheaf 5 acts transitively 
with the help of Ad on B and B ~ S/H. Thus, we obtain the exact sequence of sheaves 

1 — >n^S ^B^O. (7.156) 
For more details see Restricting the map to S and to B, we obtain the exact sequence of sheaves 

1 — >H ^ S ^ B ^0, (7.16) 

since 6'^S — Ker (the exactness of the sequence (7.14)), and S acts on B transitively {B ~ S/H). For 
sections of the sheaf B over Ui and U2 we have 

b['^ = -(tz/^Vov-r', 4'^ = -(v'i'Vi)V'r\ Bi'^ = -(v-i^Vo^r' ^ o, (7.i7a) 

B['^ = ~{Vl'^^2)i^^\ ^ = -(t/i'V2)V'2"\ S^'^ = -(V3''V2)V'2'' ^ 0, (7.176) 

where Vi,2 e 5(Z^i,2), S^^-^) e 6(^1,2). 

7.5 The group H^{V,S) and the cohomology set H^{V,S) 

Having the sheaf S of partially holomorphic smooth maps from V into SL{n, C) and the two-set open cover 
il = {Ui,U2}, we consider the groups of cochains 

C°(it,5) = {maps Vi : S(Ui),ip2 ■ U2 S{U2)} = S{Ui) x S{U2), (7.18a) 

Ci(il,5) = {maps /12 : Z^i2 ^ ^(^12), /21 : Z^i2 ^ S{Ui2)} = ^(^12) x 5(^^12), (7.186) 
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where S{U) is a space of sections of the sheaf S over an open set U C V. 
For 0- and 1-cocycles we have 

Z"(P,5) = {^ = {V'i,^2}eC°(il,5): Vi =^2 oniYia}, (7.19a) 

Z\ii,S) - {/ = {/i2,/2i} e C\ii,S) : /2i - /r2'} . (7.196) 

By definition, H°{V, S) :— Z°{V, S) — TCP, S). As usual, two cocycles !F,T £ Z^{ii, S) are cahed equivalent 
if — 4'i^i2''p2^ for some ijj = {V'i,V'2} G C°(il, 5). A set of equivalence classes of 1-cocycles J- is the 
Cech 1-cohomology set iJ^(il, 5). For the considered cover il we have H^CP^S) ~ H^{il,S). 

By replacing the sheaf 7i by the sheaf S in the formulae of § 5.2, one can define the action of the group 
C°(il, 5) on C^(il, iS) by automorphisms ctq, 

Cro{lp, f)l2 = ■(/'2/l2V'2"\ Cro(-0, /)21 = V'l/21'0^^ 

V' = {V'i,V'2}eC"(il,5), / = {/i2,/2i} eCi(il,5), (7.20) 
and define a twisted homomorphism (5° : C*' (il, 5) — ^ (il, 5) by the formulae 

<5°(0)i2 = 0i</'2"\ <5*'(0)2i =02<^r\ <5°(M -<5°(/^)cTo(/i,<5°(0)), (7.21) 
where 4> = {(/)i,02} e C0(il,5), (50(0) G Zi(il,5) c Ci(il,5). Then we have 

i/°(P,5) =Ker(5°, (7.22) 

and the image 

IinS° = S°{C\!d,S))cZ\ii,S) (7.23) 

of the map 5'^ corresponds to the marked element e G H^{V, S), i.e., to the class of smoothly trivial bundles 
over V which are holomorphically trivial over CPi|, ^ V, x d U . Transition matrices J- € ImiJ" have the 
form (4.17): .5^12 = ^^\x, X)Mx, X). 

Finally, for V' e C° (il, 5) , G ^^(il,^), the formula 

Po(V',^) S"{ij)ao{iJ,T) ^ po(V^,^)i2 = ^'1^12^-2^' (7.24) 
defines the action of the group C°(il, 5) on the set Z^(il, iS), and we obtain 

H\U,S) = po(C°(il,5))\Zi(il,5). (7.25) 
For the chosen cover il we have H^{V, S) ~ H^{!d, S). 

7.6 Exact sequences of cohomology sets 

From (7.15b) we obtain the exact sequence of cohomology sets 

e — > H°{P,H) ^ H°{V,S) ^ H^{V,B) ^ H\V,n) H^vJ), (7.26) 

where e is a marked element (identity) of the considered sets, and a homomorphism ip coincides with the 
canonical embedding, induced by the embedding of sheaves i : Ti —> S. The kernel Ker ip = (p~^ (e) of the map 
coincides with a subset of those elements from H^{V, H), which are mapped into the class e £ H^{P, S) of 
topologically (and smoothly) trivial bundles. This means that representatives of the subset Ker 93 are those 
transition matrices J- G Z^{!d,TC) for which there exists a splitting 

^12 -0r'(a^,A,A)^2(x,A,A) (7.27) 

with smooth matrix- valued functions 'ipi,ip2 G SL{n,C). 

Similarly, from (7.16) we obtain the exact cohomology sequence 

e — > H\V,n) ^ H\V,S) ^ H"{V,B) ^ H\V,n) H\P,S), (7.28) 

where a homomorphism ip is an embedding, induced by the embedding of sheaves i : Ti. S. The kernel 
Keiip — ip~^{e) of the map (p coincides with a subset of those elements from H^{V,T-C), which are mapped 
into the class e G H^{V,S) of smoothly trivial bundles over V, which are holomorphically trivial on any 
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projective line CP]. ^ V , x <E U . This means that representatives of the subset Ker(^ of the 1-cohomology 
set H^{V,'H) are those transition matrices G Z^{ii,Ti,) for which there exists a Birkhoff decomposition 
(cf.(4.17)) 

Tu^i^i\x,X)M^,X) (7.29) 

with smooth matrix- valued functions V'ii'02 G SL(n,C) that are holomorphic in A. 
The map (5° corresponds a global section 

B ^ i^B''^^ = ~{diJi)ip-^ onUi, = -(aVj2)V'2'^ on Wa, B^^^ = B^^^ on iYiaj , (7.30) 

of the sheaf B over V to {^i,^p2} e C°(il,5). The equality B^^^ = S'^) ^^2, which means that the 
(O,l)-form B G H'^{V,B) is defined globally, follows from the identity 

9^12 = 9(V'rV2) = (5^r')V'2 + ^r'av-a = vri{-(av'i)vr' + (5V'2)V'2"'}v^2 = o. (7.31) 

The group5(7') H^{V,S) = Z"{V,S) = T{V,S) of global sections of the sheaf 5 acts on the set H"{V,B) 
with the help of Ad{g, •) transformations 

Ad{g,B)=g-'Bg + g-'dg, (7.32) 

where g G H"{r,S), B G H°{r,B). Notice that from the definition (7.19a) of the group H°{r,S) and 
from the Liouville theorem for CF], ^ V it follows that the elements g G H^{V,S) do not depend on A. 
Comparing (7.12) and (7.30) with (4.20)-(4.23), we conclude that the 0-cohomology set H^{'P,B) coincides 
with the space of (complex) local solutions to the SDYM equations on [/ C R'', the group H°{'P, S) coincides 
with the group of (complex) gauge transformations, and the quotient space H'^ {V , B) / H'^ {V , S) coincides 
with the moduli space of (complex) local solutions to the SDYM equations on U. 

The space Keiip is a representative of the germ M at the point e G H^{T',Ti.) of the moduli space 
of bundles E' over V, holomorphically trivial on CF], ^ V, x ^ U. We will denote it by A4 := Kciif; 
this set was described in detail in From the exactness of the sequence (7.28) it follows that the set 
M ~ Keiif C H^{V,'H) is bijective to the moduh space {V , B) / H° (V , S) of (complex) solutions to the 
SDYM equations, 

M - H°{r, B)/H"{r, S). (7.33) 

This correspondence is a non-Abelian analogue of the Dolbeault theorem about the isomorphism of (Abelian) 
Cech and Dolbeault 1-cohomology groups. 

Remark. Using the sheaves S and B, considered in §§ 7.2,7.4 and § 7.6, one can introduce a Dolbeault 
1-cohomology set H'^'^{P) as a set of orbits of the group H'^{P,S) in the set H'^{'P,B), i.e., 

H°'\V) := H"{V, B)/H°{V, S). (7.34) 

The set H'^{P, B)/H'^{V,S) considered above is an open subset in the Dolbeault 1-cohomology set H'i^'^{'P). 
It follows from the exactness of the sequence (7.26) that H'^'^{P) ~ Keri^, i.e., the moduli space H'^'^{'P) of 

global solutions of eqs.(7.4) on V is bijective to the moduli space of holomorphic bundles over V which are 
trivial as smooth bundles. Transition matrices of such bundles have the form (7.27). 

Using the bijection (7.33), we will identify the spaces M and H'^ {V , B) / {V , S) and denote them by 
the same letter M.. It also follows from (7.33) that H^{V, B) is a principal fibre bundle 

H"{V,B)^P{M,H°{r,S)) (7.35) 

with the base space A4 and the structure group H'^{V,S). 



7.7 Unitarity conditions 



In § |6.6| we discussed the imposition of a unitarity condition on transition matrices J- G Z^{H, TL) and defined 
various subsets of transition matrices and their moduli satisfying the unitarity condition. 



As it has been discussed in the matrices V'i:V'2 £ SL{n,C) corresponding to gauge fields with 

values in the algebra su{n) have to satisfy the condition (4.16c). The conditions (4.16a) for components of 
the gauge potential follow from (4.16c), (4.22) and (4.23). To satisfy these conditions, consider the following 
real subgroup C^(il, 5) (a real form) of the group C°(il, 5): 

C°(il,5) {V = {Vi,V'2} e C"(il,5) : ^I(t(x,A)) = i>^\x,\)^ , (7.36) 
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compatible with the real form r on V . Of course, one can also define other real forms of the complex group 
C°(il, 5) assuming 

V'I(r(x,A)) =nV2-i(x,A), (7.37) 

where 11 is a diagonal matrix with m copies of +1 and n—m copies of —1. For all these subgroups the matrices 
(5°(V'"^) = 'i/'rV2 e will satisfy the unitarity condition (4.16a) and therefore 6^{^~^) G ^^(il,^). 

The map 5° : C°(1I,5) ^1(11, 5) defines in ^1(11,5) a subset of matrices V'rVj2 with {V'i,V'2} G 
C°(il, 5) which cor resp onds to the element e G H^{V,S). The set H^{V,S) is defined analogously with the 
set H^{V,S) (see §|7.5|). The kernel Kenpr = 'Pr^i^) of tl^^ map 

^ H^{'P,n) ^ H^{V,S) (7.38) 

coincides with the moduli space M.r of transition matrices G Z^{ii.,Ti,), for which there exists a Birkhoff 
decomposition (7.29) with ipi,tp2 satisfying the unitarity conditions (4.16c). The map 5° associates with 
V'i,V'2 the global section (7.17), (7.30) of the sheaf B satisfying the unitarity condition (4.16a). We denote 
the space of all these solutions by H^{V,B). The matrices g G SL{n,C) from the group H'^{V,S) do not 
depend on A, and the subgroup 

H°A'P,S) = {geH"{V,S): ^ g-'} (7.39) 

of unitary matrices g{x) G SU{n) preserves the space H^(V,B). So we have a one-to-one correspondence 
between JV[^ and the moduli space H^{V,B)/H%r,S) of real local solutions to the SDYM equations, 

Mr ^ H^{V,B)/H^{V,S). (7.40) 



8 Symmetries in terms of smooth sheaves 

8.1 Riemann-Hilbert problems from the cohomological point of view 

In §^|^ we described the twisted homomorphism : C^{ii,S) C^{ii,S), the image of which ImS^ = 
d°{C°{ii,S)) belongs to the set Z^ii,S) C C'^{^,S). More precisely, we have lmS° ~ C°{U,S)/H"{P,S), 
where the group H^{V,S) = Kcr(5° is a kernel of the map (5". Hence (5°(C°(il, 5)) can be identified with 
C'^{ii,S)/H°{r,S), and 

S" : C°(il,5) ^ C°{ii,S)/H%r,S) (8.1) 

is a projection of the group C"(il, 5) onto the homogeneous space Q := C"{il,S)/H"{V,S). So, the group 
C^{ii,S) can be considered as a principal fibre bundle 

C°(il, S) = P{Q, H°{r, S)) (8.2) 

with the structure group H^{V,S) and the base space Q C Z^(il,iS), points of which correspond to smoothly 
trivial bundles. 

As described in detail in §§||-0, the space Q contains as a subset the set M of those holomorphic bundles 
which are not only trivial as smooth bundles, but also holomorphically trivial on CPi|, ^ V, x ^ U. The 
group C'~'{ii.,S) acts on Q transitively by formula (7.24) and therefore for any cocycle J- E N CI Q there 
exists an element = {i^i, 1P2} G C°(il, S) such that the action pa{^p, •) transforms T into = 1, 

/Oo(^,^)l2 - A^12i^2^ =1 ^ Ti2^ ^rV2, (8.3) 

and to solve the Riemann-Hilbert problem means to find such an element ip from the group C'~'{ii,S). Of 
course, this element ip G (7*^(11,5) is not unique; it is defined up to an element g from the stability subgroup 
H°{P, S) of the point J^" = 1. 

Indeed, if ^iJ-i2iJ2^ — then {g^^ipi)Ti2{g'^ip2)^^ = 1 for any g G H^{V,S). In other words, to solve 
the Riemann-Hilbert problem means to define a section 

s: M^C"{ii,S) (8.4) 

over A/" C Q of the bundle (8.2). The section s is not uniquely defined, and the group H'^(V,S) defines a 
transformation g of the section s into an equivalent section Sg. 

Remark. It should be stressed that the cohomological description of the construction of solutions is 
applicable not only to the SDYM equations, but also to all equations integrable with the help of a Birkhoff 
decomposition of matrices on CP^ (the dressing method H-[|lO|). For such equations, one can write an exact 
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sequence of sheaves like (7.16) and an exact sequence of cohomology sets like (7.28). In many cases this can 
be done by reductions of the sheaves 7i, S and B, which explains the known fact that (almost) all intcgrable 



equations in 2D can be obtained by reductions of the SDYM equations (see e.g. |48| ^ |4g|] and references 
therein). 

Consider the restriction 

P{Af,H°{V,S)) P{Q,H\V,S)) k= {5°)-\U) (8.5) 

of the principal fibre bundle P{Q, H^\P, S)) to the subset J\f C Q. As described in the group C°(il, H) 
acts on the space TV on the left, and this action can be lifted up to the action on P{Af, H^{P^ S)), since this 
(left) action commutes with the (right) action of the group H^{P,S) on the space P{M,H°{V,S)). Thus, 
we have the space P{M, H^{V,S)) as a space of orbits of the group C°(il, H) in the space P{M,H°{V,S)), 

P{M,H''{r,S)) ^ P{po{C''{ii,n))\Af,H°{P,S)) ^ Po{C''{ii,H))\P{Af,H''{P,S)). (8.6a) 

At the same time, it follows from (7.35) that this space coincides with the space 

H"{P, B) = P{M,H°{r, S)) (8.66) 

of (complex) local solutions to the SDYM equations. 

Finally, it follows from (8.6) that the moduli space of (complex) local solutions to the SDYM equations 

is 

M c po(C"(H, H))\P{M, H\P, S))/H\V, S), (8.7) 

i.e., M. is the biquotient space of the space P{N', H'^{V,S)) under the action of the groups (7*^(11, 7i) and 
H°{r,S). 



Using §7.7, where we discussed the unitarity conditions in terms of !Fi2, ip ^ C*'(il, 5) etc., one can 



rewrite all formulae of § 8.1 in a way compatible with the real structure t onP. In particular, for the moduli 



space A^T- of (real) local solutions to the SDYM equations we have 

Mr ^ po{C°{!^,n))\P{K,H°{V,S))/H^{V,S). (8.8) 
Then gauge fields take values in the Lie algebra su{n). 

8.2 Action of the symmetry group (5r on real solutions of the SDYM equations 

We consider the cover il — {^1,^2} of the twistor space P and holomorphic bundles E' G TVV C Z^{il,Tl). 



In §§ 6.5, 6.6, the (local) action of the local group (St = -^r x on the space TVV — Cr/^rA was described. 
Let us choose an arbitrary transition matrix J-12 — G A/V and an element h — {77,0} £ S)r x ^t- 

Consider the action p{h, ■) of the element h G <St given by formulae (6.19), (5.30) and (6.24). Then we have 
p{h,-) : T\2 I— > ^\2 = p{h,y-)i2- Since the local action preserves A/V, then ^F'^ G Mr and therefore there 
exists an element ^'^ = {^"1 , 1^2} ^ ^'^(il, S) such that 

= (^?)"V^ (8.9) 

Let us introduce (t){h) — {0i(/i), 02(/i)} G C°(11, 5) by the formulae 

Mh) ■■= ^iVr', Mh) := ^2^^2"'- (8.10) 

Then we have a map 

0: ©T^C°(H,5) (8.11) 

of the group <3r into the group C°(ii., 5). 

The elements (j){h) = {(j)i{h), (j)2{h)} of the group C°(il,iS) act by definition on tp = {V'1,'02} G -P(A/'r, 
H°{P,S)) as follows: 

h: i;^{ij,,ij2} ^ p{h,i:):^^'' ^{i:1,ij!^} = {Mh)^uMhH2}. (8.12) 
From (7.11) it follows that B ~ {B^^^ ,B^^^\ is transformed by the formulae 

h: B ^ p{h,B) = B'' := (f){h)B(f>-\h) + 4){h)d(t>-\h) ^ (8.13a) 
B^i) ^ Mh)B^'^Ui\h) + Mh)d<l)i\h), S'^) ^ 4,2{h)B^^U2^{h) + 4)2{h)d<t)^^{h). (8.136) 
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With the help of formulae (8.13), (4.22) and (4.23) it is not difficult to write down explicit formulae for 
transformations of components of the gauge potential A. We shall not do this. 
Consider now a transformation 

^12 ^ ^{2 ^ = /l2/il2^12/il2/lV (8-14) 

It is easy to see that 

= cbimh)Bm)mr' + mmdimmr^- (s.is) 

It follows from (8.14), (8.15) that 

(t>{fh) = (8.16) 
i.e., the map (8.11) is a homomorphism of the local Lie group 25r into the group C^(il, 5). 

8.3 Gauge fixing and some formulae 

The SDYM equations (4.7) for G sl{n,C) imply that the components of the gauge potential can be 
written in the form 

Ayi = Q-^dyiO, Ay2 = e^^aj^sO, Ayi = 9 ^ ^ c^j^ 1 9 , Ay2 = 0-^8^20, (8.17) 

where 9 and 9 are some 5*^(71-, C)-valued functions on U C M*. One may perform the following gauge 
transformation : 

Ayi ^ Afi = eAyie-^ + Gdyie-^ = 0, Ay2 = ^^j^sO^^ + 9aj^20"^ = 0, (8.18a) 

Ayi ^ Afi = QAyiQ-^ + Qdyie-^ = Ay2 ^ Af2 = QAy2Q^^ + Qdy2e-^ = ^-'^dy2<^>, (8.186) 

where $ := 99^^ G SL{n,C), and thus fix the gauge Af^ = = H-lll. Then eqs.(4.7) are replaced 
by the matrix equations 

dyl{^-^dyl^) + dy2{<p-^dy2<^>) = 0, (8.19) 

which are the SDYM equations in the Yang gauge. Equations (8.19) are a 4D analogue of the 2D WZNW 
equations. 

It is also possible to perform the gauge transformation 

Ayi ^ 9ylj^i9"^ + 99^^19"^ = <i>dyi<i>-\ Ay2 ^ 9^2^29"^ + 99^29"^ = <^>dy2^-\ 

Ayi ^ OAyiQ-^ + GdyiQ-^ = 0, Ay2 9 2 9 ^ ^ + 9aj^29"i = 0, (8.20) 
then eqs.(4.7) get converted into the equations 

dyi{<i>dyi<i>-^) + dy2{<i>dy2<i>-'^) = 0. (8.21) 

From the linear system (4.10) it is easy to see that 

9 = ^2-i(C-0), 9 = V^ri(A-0), (8.22) 

where the 5*^(71-, C)-valued function ipi is defined on Ui, and the 5i(n, C)-valued function V'2 is defined on 
1X2- Equations (8.19) are the compatibility conditions of the linear system 

dyi^pi - X{dy2 + $-i(9j,2$)V3i = 0, dy2iPi + X^Oyi + ^-^dyi^)^}! = 0, (8.23) 

obtained from (4.10) for t/;! by performing the gauge transformation ?/'i(x. A) i— >^i(a:, A) = ijji^{x,0)ipi{x, X) = 
&{x)ipi{x, X), A G rii. Analogously, eqs.(8.21) are the compatibility conditions for the linear system 

adyl+<i>dyl<S>-^)lP2-dy2^J2=0, ady2+Ci>dy2<i>-')^2+dylll>2^0, (8.24) 

where ^"2(2;, C) = "02^^(2^, 0)V'2(2;, C) — ^{^)i'2ix,C) is well defined for C £ ^^2- 
We have "01(2;, A = 0) = 1 and therefore 

V^i = 1 + A* + 0(A2) (8.25) 
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for some Lie algebra valued function 'i> G sl{n,C). By substituting (8.25) into (8.23), we find that 

^-^dy2(i> ^ dyl-^, ^-^dyl<P ^ ~dy2^'. (8.26) 

Then after substitution (8.26) into (8.23), the compatibility conditions of the linear system (8.23) will be 

dyldyl'i' + dy2dy2^ + [dyl'i',dy2^'] = 0. (8.27) 

Equations (8.27) are the SDYM equations in the so-called Leznov-Parkes form. 
Notice that the condition 

V'i(a;,A = 0) = 1, (8.28) 

leading to the gauge fixing Ayi — Ay2 — 0, can be imposed from the very beginning. Then the Birkhoff 
factorization (8.3) is unique, which corresponds to the choice of the fixed section (8.4) of the bundle (8.5). 
Nevertheless, the gauge (8.28) does not remove all degrees of freedom related to holomorphic transformations 
of the group C°(il, H), and if we want to obtain the moduli space M, we have to factorize s(A/') ~ JV w.r.t. 
the action of the subgroup in C'^{il,TC) preserving the gauge (8.28). The same gauge may be used in the 



description of the moduli space A4t discussed in § 8.1 



8.4 Generalization to self-dual manifolds 



As has been mentioned in § 4.6, the twistor correspondence between self-dual gauge fields and holomorphic 
bundles exists not only for the Euclidean space R'*, but also for 4-manifolds M, the Weyl tensor of which 
is self-dual. Twistor spaces Z = Z{M) for such manifolds M are three-dimensional complex spaces. The 
description of symmetries of local solutions to the SDYM equations can be easily generalized to this general 
case. 

It can be done as follows. Fix an open set U C M such that Z\ij ~ U x CP^ and choose coordinates on 
U. Consider the restriction of the twistor bundle tt : Z ^ M to U and put V Z\u. The space V is an open 
subset of Z, and, as a real manifold, V is diffeomorphic to the direct product U x CP^. Now a metric on U is 



not flat, and a conformal structure on U is coded into a complex structure J onV [|17, 19|. In this "curved" 
case we again have a natural one-to-one correspondence between solutions of the SDYM equations on U and 
holomorphic bundles E' over holomorphically trivial on (real) projective lines CP^J, V ,\/x £ U. 

In our group-theoretic analysis of the twistor correspondence we did not use the explicit form of the 
complex structure on V and therefore did not use the explicit form of the metric on U. This explicit form 
was used only in some illustrating formulae, which can easily be generalized. That is why, all statements 
about local solutions and symmetry groups are also true for the SDYM equations on self-dual manifolds M. 
Thus, as the local symmetry group we again obtain the group = 9]t- k £t- from §§ 6-8 acting on the space 
of local solutions to the SDYM equations defined on a self-dual 4-manifold M. 



9 Discussion 

9.1 What is integrability? 

In books and papers on soliton equations one often poses the question: What is integrability? There is 
no general answer to this question, and usually one connects the integrability with the existence of Lax 
or zero curvature representations. Then non-Abelian cohomology, local groups and deformation theory of 
bundles with holomorphic or flat connections form the basis of integrability. In other words, there are always 
exact sequences of sheaves and cohomology sets of type (7.16), (7.28) hiding behind the integrability. This 
explains, in particular, why almost all integrable equations in two dimensions can be obtained by reductions 
of the SDYM equations (see e.g. ^ and references therein). 

In ||5^-|Q generalized SDYM equations in dimension D>4 and their solutions have been considered. 
Some of these equations in dimension D=4n ^ are integrable, since with the help of the twistor approach 
these quaternionic-type SDYM equations can be rewritten as holomorphy conditions of the Yang-Mills bundle 
over an auxiliary (twistor) (4n-|-2)-space. The situation with the integrability of other generalized SDYM 
equations in D>4 is much less clear. Solutions of these equations, e.g. octonionic-type SDYM equations in 
D=8 |5^, |5^, were used in constructing solitonic solutions of string theories |5^. The modification of these 
generalized SDYM equations arising after replacement of commutators by Poisson brackets are considered 
in supermembrane theory (see e.g. (5^). At the moment it is not clear whether all these equations can 
be interpreted as an existence condition of flat or holomorphic connections in bundles over some auxiliary 
spaces. This interesting problem deserves further study. 
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9.2 Holomorphic Chern-Simons-Witten theory 



Let us consider a smooth six-dimensional manifold Z with an integrable almost complex structure J . Then 
-E is a complex 3-manifold, and one can introduce a cover \lla\ of Z and coordinates Za ■ Ua C"^. Let 
E' be a smooth complex vector bundle of rank n over Z and let B be the (O,l)-component of a connection 
1-form on the bundle E' . Suppose that B satisfies the equations 



dB + B AB ^0, 



(9.1) 



where d is the (0,1) part of the exterior derivative d — d + d. The special case of eqs.(9.1) on the twistor 
space P of {/ C M** was considered in § 7. Equations (9.1) mean that the (0,2) part of the curvature of the 
bundle E' is equal to zero: F"'^ := = (d + B)'^ = and, therefore, the bundle E' is holomorphic. We shall 
call eqs.(9.1) defined on a complex 3-manifold Z the field equations of holomorphic Chern-Simons-Witten 
(CSW) theory. 



Equations (9.1) were suggested by Witten |58 for a special case of bundles over Calabi-Yau (CY) 3-folds 
Z as equations of a holomorphic analogue of the ordinary Chern-Sinions theory. Witten obtained eqs.(9.1) 
from open N = 2 topological strings with a central charge c = 3 (6D target space) and the CY restriction 
ci{Z) ~ arised from N — 2 superconformal invariance of a sigma model used in constructing the topological 
string theory. The connection of eqs.(9.1) with topological strings was also considered in |5^. Equations 
(9.1) on CY 3-folds were considered by Donaldson and Thomas in the frames of program on extending 
the results of Casson, Floer, Jones and Donaldson to manifolds of dimension D>4. Donaldson and Thomas 
pointed out that one may try to consider a more general situation with eqs.(9.1) on complex manifolds 
Z which are not Calabi-Yau (ci(-Z) ^ 0). This is important since the CY restriction cannot be imposed if 
one uses the twistor correspondence between 4D and 6D theories. 

In § 5 we considered the special case of the holomorphic CSW theory when field equations are defined not 
on an arbitrary complex 3-manifold, but on the twistor space V oiU C K''. The manifold V can be covered 
by two charts, and in § 5 we described the moduli space and symmetries of the holomorphic CSW theory in 
the Cech approach. In § 7 (see formulae (7.13), (7.26) and (7.34)) we gave the Dolbeault description of this 
moduli space. This analysis of the moduli space and symmetries of the holomorphic CSW theory can be 
generalized without difficulties to an arbitrary complex 3-manifold Z. 



9.3 N = 2 and = 4 topological strings 

The couplingof topological sigma models and to p olo gica l gravity gives the above-mentioned N = 2 topolog- 
ical strings which were further studied in [^8, 59, 6l|]. They have critical dimension D=6 and are related 
to topological sigma models with the 6D target space. There are two classes of such models, called A- and 
B-models. In the open string sector of the critical topological string theories there are A and B versions of 
these theories. The A-model is related to the ordinary Chern-Simons theory in 3 real dimensions and the 
B-model is related to the holomorphic Chern-Simons-Witten theory in 3 complex dimensions. We discuss 
only the B-model, the field equations for which concide with eqs.(9.1) on a CY 3-fold. 

Besides N = 2 topological strings with c = 3 (6D target space) there are iV = 4 topological strings with a 
central charge c — 2 (4D target space) and nontopological N — 2 strings (see e.g. and references 

therein). In it was shown that N — 2 strings are a special case of = 4 topological strings. The N = 2 
string theories describe quantum SDYM fields on a self-dual gravitational background |6^, |4[ For 
heterotic N = 2 strings besides SDYM fields there are also matter fields depending on the details of the 
construction. 

Comparing the above-mentioned string theories and field theories corresponding to them, one obtains 
the following "commutative" diagram 



Holomorphic CSW 
theory on complex 
3-manifolds 



A = 4 topological strings 



Holomorphic CSW theory 
on twistor spaces of self- 
dual 4-manifolds 



A = 2 strings 



SDYM theory 
on self-dual 4- 
manifolds 



(9.2) 



The arrows mean that one theory can be derived from another one. The difference between the holomorphic 
CSW theory on a general complex 3-manifold and the one defined on a twistor space Z is stipulated by the 
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existence in Z of a bundle structure n : Z ^ Al with a self-dual 4D manifold Al as a base space and CP^ 
as a typical fibre. In the general case, complex 3-spaces are arbitrary. 

Into the box with the question-mark from (9.2) one cannot substitute 'N = 2 topological strings', since 
they are obtained from sigma models on CY 3-folds. One should substitute there some generalized N — 2 
topological strings on a complex 3-manifold without the CY restriction. The possibility of introducing such 
strings was pointed out in the papers Ooguri and Vafa Q gave reasons for possible equivalence of 

= 4 topological strings and generalized N — 2 topological strings on the twistor space with a holomorphic 
(2,0)-form turned on. It would be very interesting to study this possibility. 

9.4 Integrable 4D conformal field theories 

It is well-known that the ordinary 3D Chern-Simons theory is connected with 2D conformal field theories if 
one supposes that a 3-manifold has the form S x M, where S is a 2-manifold with or without a boundary | |67| , 
|6^ . In particular, if S has a boundary, the quantum Hilbert space H^: is infinite-dimensional and is a 
representation space of the chiral algebra of CFT on S. Analogously, the holomorphic Chcrn-Simons-Witten 
theory on a complex 3-manifold Z is connected with integrable 4D CFT's on a self-dual 4-manifold M if 
one supposes that Z is the twistor space of M. This means that Z is the bundle tt : Z ^ M over M with 
CP^ as a typical fibre. On M it is possible to consider a CFT of fields of an arbitrary spin. Most of these 
CFT's will describe free fields in a fixed background. By considering local solutions of field equations on Af 
we take an open set U C M and consider the twistor space V = Z\u oi U which is an open subset in Z. 

In this paper, we actually discuss how the concrete nonlinear 4D CFT - the SDYM theory - is connected 
with the holomorphic CSW theory on the twistor space V of U. The SDYM model on an open ball U CM^ 
is a generalization of the WZNW model on the complex plane C, and we mainly consider sets U with the 
flat metric. We described symmetries of the SDYM model and the moduli space of self-dual gauge fields on 
U. Naturally, the following questions arise: 

1. What is an analogue of affine Lie algebras of 2D CFT's? 

2. What is an analogue of the Virasoro algebra? 

In this paper we have not discussed symmetry algebras yet. But knowing the symmetry groups of the SDYM 
equations, described in §§ 7,8, it is not difficult to write down the algebras corresponding to them. 

A symmetry algebra of integrable 4D CFT's is connected with the algebra Qh of functions that are 
holomorphic on U12 — Ui r\U2 C V and take values in the Lie algebra g of a complex Lie group G. The 
algebra Qh with pointwise commutators generalizes affine Lie algebras. The symmetry algebra is the algebra 

c^iu,o^)^gh®gh (9.3) 

of 1-cochains of the cover iX = {Ui ,1^2} of the space V with values in the sheaf of holomorphic maps from 
V into the Lie algebra g. We mainly considered the case g = sl{n, C). The algebra (9.3) was also considered 
by Ivanova Q. 

Notice that the affine Lie algebra g (g) C[A, A^^] (without a central term) is the algebra of g-valued 
meromorphic functions on CP^ ~ C* U {0} U {00} with the poles at A = 0, A = 00 and holomorphic on 
r2i2 = rii n — C*. Hence, it is a subalgebra in the algebra 

C\0, O^pO ~ g ® C[A, A-i] © g ® C[A, A~i] (9.4) 

of 1-cochains of the cover D = {ili, il.2} of CP^ with values in the sheaf of holomorphic maps from CP^ into 
the Lie algebra g. Thus, the algebra (9.3) is an analogue of the 2D affine Lie algebra (9.4). Notice that 
(central) extensions of the algebras (9.3) and (9.4) will appear after the transition to quantum theory. 

9.5 The Cech description of the Virasoro algebra 

Elements of the Virasoro algebra Vir'^ (with zero central charge) are meromorphic vector fields on CP^ having 
poles at the points A = 0, A = 00 and holomorphic on the overlap ^12 — ili H il2 — C* ~ CP^ — {0} — {00}. 
This algebra has the following Cech description. Let us consider the sheaf Vcpi of holomorphic vector fields 
on CP^ . Then for the space of Cech 1-cochains with values in Vcpi we have 

C^{D,VcP^) -Vir° ®Vir". (9.5) 
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Notice that for {wi2,W2i} G C^{i^,Vcpi) the antisymmetry condition cannot be imposed on cohomology 
indices of the holomorphic vector fields 'Ui2,t'2i, since it is not preserved under commutation. So we have 
V21 —vi2 in the general case. 

The space Z^{D, V^pi) of 1-cocycles of the cover D = {ili,il2} of CP^ with values in the sheaf Vcpi 
coincides with the algebra Vir'^ as a vector space, since 

Z\D, Vcpi) =i (yir° ®Vir")/diag{Vir° ®Vir°). (9.6) 

Further, by virtue of the equality 

ffi(CP\Vcpi) -0, (9.7) 

which means the rigidity of the complex structure of CP^ , any element v from Vir'^ ~ can be represented 
in the form 

V — vi — V2- (9-8) 

Here, vi can be extended to a holomorphic vector field on Qi, and V2 can be extended to a holomorphic 
vector field on ^2- 

It follows from (9.6)-(9.8) that the algebra Vir'^ is connected with the algebra 

C°(D,Vcpi) (9.9) 
of 0-cochains of the cover O with values in the sheaf Vcpi by the (twisted) homomorphism 

j° : C°(D, Vcpi) Vcpi) ^ (9.10a) 

(j° : {vi,V2} i-> {vi ~ V2,V2 - vi}. (9.106) 

Just the cohomological nature of the algebra Vir'^ permits one to define its local action on Riemann surfaces 
of arbitrary genus and on the space of conformal structures of Riemann surfaces . A central extension 
arises under an action of the Virasoro algebra on holomorphic sections of linear bundles over moduli spaces 
(quantization). 

9.6 Infinitesimal deformations of self-dual conformal structures 

Here we briefly answer the question of § 9.4 about an analogue of the Virasoro algebra (without a central 
term). 

In §§5.4, 5.5, 8.2 we described the local group of biholomorphisms of the twistor space V and its action 
on the space of local solutions to the SDYM equations. To this group there corresponds the algebra (cf.(9.9), 
(9.10)) 

C°iii,Vr) (9.11) 

of 0-cochains of the cover iX = {Ui,U2} of P with values in the sheaf V-p (of germs) of holomorphic vector 
fields on V =UiiJU2- However, this algebra is not a correct generalization of the Virasoro algebra. 

An analogue of the Virasoro algebra is the algebra V-p {1^12) of holomorphic vector fields onZ^i2 = Uir\U2 C 
V. It is a subalgebra of the algebra 

C^it, Vp) ~ Vv{Ui2) ® Vv{Ui2) (9.12) 

of 1-cochains of the cover U with values in the sheaf Vp. Elements of the algebra (il, Vp) are the collections 
of vector fields 

X = {xi2,X2i} = {x?2^,X2i^} (9.13) 

with ordered "cohomology indices" . 

From the Kodaira-Spencer deformation theory j?^ it follows that the algebra (9.12) acts on the transition 
function /12 of the space V (see § 3.3) by the formula 



^/r2 = X?2 - 7nr^2i ^ ^/i2:=<5/r2— r = Xi2-X2i. (9.14) 



Accordingly, one may define the following action of the algebra C^{ii,Vp) on the transition matrices J- 12 of 
holomorphic bundles E' over the twistor space V: 

5x^12 = Xl2(.?^12) - X2l(.^12)- (9.15) 
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The algebra C°(il, V-p) acts on the transition fmiction /12 of the space V and on the transition matrices J-12 
of bundles E' over V by formulae (9. 14), (9. 15) via the twisted homomorphism 

<5° :C°(it,Vp) 3 {xi,X2}^{xi-X2,X2-Xi} eCi(il,Vp) (9.16) 

of the algebra C°(ii, Vv) into the algebra C^{ii, Vv)- 

Notice that Sf :— {Sfi2,Sf2i} G V73), and the quotient space 

H\ii,Vr) ■■= Zi(H,Vp)/j°(C°(il, Vp)) (9.17) 

describes nontrivial infinitesimal deformations of the complex structure of V. For a cover il ~ {Ui,U2}, 
where Ui,U2 are Stein manifolds, we have H^{'P,V'p) = H^{i!i,V'p). In contrast with the 2D case (9.7) now 
we have H^{V,Vv) 7^ 0. Hence, the transformations (9.14) of the transition function in general change 
the complex structure of V and therefore change the conformal structure on U. Recall that a conformal 
structure [g] is called self-dual if the Weyl tensor for any metric g in the conformal equivalence class [g] 
is self-dual |l^. In virtue of the twistor correspondence |l^, |l^ the moduli space of self-dual conformal 
structures on a 4-manifold M is bijective to the moduli space of complex structures on the twistor space of 
M. 

All algebras of infinitesimal symmetries of the self-dual gravity equations known by now (see e.g. j7^ and 
references therein) are subalgebras in the algebra C^(il, Vp). The action of the algebra C''(1I, V-p) (and the 
group Sj{V) corresponding to it) transforms /12 into an equivalent transition function and therefore preserves 
the conformal structure on U. At the same time, the action of the algebra C°(il, V-p) on transition matrices 
of holomorphic bundles E' —> V is not trivial. 

If we want to define an action of the algebra C^(il, Vp) on the coordinates {2:1}, {^fli q-forms etc, we 
should define: 1) a sheaf T^'" of (1,0) vector fields on V, holomorphic along fibres CF]. of the bundle P — > C/ ; 
2) a sheaf W of (O,l)-forms W on V with values in T^'", vanishing on the distribution V^'^ (see § 7.3) and 
satisfying the equations 

dW ^0 (9.18) 
on any open set U C V, where W G yy(W). Then we have the exact sequence of sheaves 

— > Vp — > r^'" — >W — > (9.19) 

and the corresponding exact sequence of cohomology spaces 

— > H°{r, Vv) — > H°{v, ri'°) — > H"{r, w) — > H\r, Vp) — > o, (9.20) 

describing infinitesimal deformations of the complex structure of the twistor space V. 

From (9.20) it follows that for any element 6f £ Z^(il, V-p) C Z^{il,T^''^) there exists an element 
{ipi,ip2} e C°(il,ri^O) such that 

Sf = {Xi2 - X2i,X2i - X12} = {^1 - V2,^2 - ^1} e S°{C°{iX,T''°)). (9.21) 

Then for infinitesimal transformations of coordinates on V = Ui U U2 we have 

dzl := ip1{zi,zi), 6z^ := ip^iz2, Z2). (9.22) 

To preserve the reality of the conformal structure on U , one should define real subalgebras of the algebras 
C^(il, Vp) and C°(il, T^'°) by analogy with §§6.6,7.7. We shall not write down transformations of the 
metric and conformal structure on [/, since this will require a lot of additional explanations. Details will be 
published elsewhere. 

9.7 Quantization 

Some problems related to the quantization of the SDYM model were discussed in |7^, The quan- 
tization was carried out in four dimensions in terms of g- valued fields or in terms of a G- valued scalar 
field by using the Yang gauge. But the obtained results are fragmentary; the picture is not complete and 
far from what we have in 2D CFT's. Remembering the connection between 2D CFT's and the ordinary 3D 
CS theory, one may come to the reasonable conclusion that the quantization of integrable 4D CFT's may 
be much more successful if we use the 6D holomorphic CSW theory. 

When quantizing the holomorphic CSW theory on the twistor space V one may use the results on the 
quantization of the ordinary CS theory (see e.g. |67| |68| and references therein) after a proper generalization. 
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We are mainly interested in quantizing the SDYM model. As such, we have to put S3 = in eqs.(9.1), 
which leads to the equations (cf.(7.12)) 

dB + BAB = (9.23) 

equivalent to the SDYM equations, as has been discussed in this paper. The comparison with the ordinary CS 
theory in the Hamiltonian approach shows that A may be considered as (complex) time of the holomorphic 
CSW theory. 

Further, one can use two standard approaches to the quantization of constrained systems: 1) one first 
solves the constraints and then performs the quantization of the moduli space; 2) one first quantizes the 
free theory and then imposes (quantum) constraints. The first approach will mainly be discussed. We shall 
write down the list of questions and open problems whose solutions are necessary to give the holomorphic 
CSW and the SDYM theories a status of quantum field theories. 

1. One should rewrite a symplectic structure oj on the space of gauge potentials or their relatives ||2^, 
|40| , 1?^ in terms of fields on the twistor space V. This 2-form iu induces a symplectic structure lj on the 

moduli space A4 of solutions to eqs.(9.23), and the cohomology class [uj] G H'^{M,M.) has to be integral. 

2. Over the moduli space A4 one should define a complex line bundle £ with the Chern class ci{C) = [lu]. 
Then C admits a connection with the curvature 2-form equal to uj. 

3. A choice of a complex structure J on the twistor space V endows the moduli space Ai with a complex 
structure which we shall denote by the same letter J'. Then the bundle £ over (A^, J^) has a holomorphic 
structure, and a quantum Hilbert space of the SDYM theory can be introduced as the space Hj of (global) 
holomorphic sections of C. 

4. Is it possible to introduce the bundle £ ^ as the holomorphic determinant line bundle DetdB of 
the operator Bb = d + B on Vl 

5. The action functional of the holomorphic CSW theory on a Calabi-Yau 3-fold has a simple form |5^ 
analogous to the action of the standard CS theory. How should one modify this action if we go over to the 
case of an arbitrary complex 3-manifold? 

6. One should lift the action of the symmetry groups and algebras described in this paper up to an action 
on the space Hjoi holomorphic sections of the bundle £ over M. What is an extension (central or not) 
of these groups and algebras? Finding of an extension of the algebra (7^(11,01,) is equivalent to finding a 
curvature of the bundle £ since this curvature represents a local anomaly. 

7. What can be said about representations of the algebras C^(ii., Vp) and C^i'd, Which of these 
representations are connected with the Hilbert space Hjl 

8. In the quantum holomorphic CSW and SDYM theories there exist Sugawara-type formulae, i.e., 
generators of the algebra C^(il, V-p) can be quadratically expressed in terms of generators of the algebra 
C^{'iX,0^). This follows from the fact that any transformation of transition matrices of a holomorphic 
bundle E' ~* V under the action of the algebra C^(il, V-p) can be compensated by an action of the algebra 
C^(il, Op). What are the explicit formulae connecting the generators of these algebras? 

9. One should write down Ward identities resulting from the symmetry algebra C"'^(il, V-p) + C^(il, Op). 
To what extent do these identities define correlation functions? 

Clearly, to carry out this quantization program, it will be necessary to overcome a number of technical 
difficulties. 

The general picture arising as a result of quantization of the SDYM model on a self-dual 4-manifold 
M and the holomorphic CSW theory on the twistor space Z of M resembles the one that arises in the 
quantization of the ordinary CS theory and is as follows: Let [g\ be a self-dual conformal structure on a 
4-manifold M and let J' be a complex structure on the twistor space Z of M . As has already been noted, 
there exists a bijection |9j between the moduli space of self-dual conformal structures on M and the 
moduli space X of complex structures on Z. Let be a moduli space of solutions to the SDYM equations 
on M and let Hj he the quantum Hilbert space of holomorphic sections of the line bundle £ over (A^, J). 
The space Hj depends on S X and one can introduce a holomorphic vector bundle 

p:H — > X (9.24) 

with fibres Hj at the points J X. Then one may put a question about the existence of a (projectively) 
flat connection in the bundle (9.24). If such a connection exists, then as a quantum Hilbert space one may 
take a space of covariantly constant sections of the vector bundle H. 
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10 Conclusion 



In this paper, the group-theoretic analysis of the Penrose- Ward correspondence was undertaken. Having 
used sheaves of non-Abelian groups and cohomology sets we have described the symmetry group acting on 
the space of local solutions to the SDYM equations and the moduli space M. of local solutions. It has been 
shown that is a double coset space. The full algebra of infinitesimal deformations of self-dual conformal 
structures on a 4-space M has also been described. We have disciissed the program of quantization of the 
SDYM model on M based on the equivalence of this model to a subsector of the holomorphic CSW model 
on the twistor space Z of M. There are a lot of open problems, which deserve further study. 
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Appendix A. Actions of groups on sets 

The left action of a group ^ on a set T is a map p : ^ x T — + T with the following properties: 

p(e, x) = X, (A.la) 

p{a, p{b, x)) = p{ab, x), {A.lb) 

for any x G T,a,b,e € Q. Here e is the identity in the group Q. If we are given an action p on a set T, to any 
a G Q we can correspond a bijective transformation pa : x i-^ p{a, x) of the set T such that a map ^ : a ^ pa 
is a homomorphism of the group Q into the group of all permutations (bijective transformations) of the 
set T. Conversely, any homomorphism 7 : ^ — > Sx defines the action of the group ^ on T by the formula 

p{a,x):=-l{a){x) (A2) 

for any a G Q ,x G T . If T is a smooth manifold, then to define an action of on T is equivalent to assigning 
a homomorphism 7 : ^ — > Diff (T) of the group Q into the group of diff'eomorphisms of the manifold T. 

Usually the left action of the group Q is represented as a multiplication of elements from T by elements 
of the group Q and written as p{a, x) = ax, a € Q,x G T . One also considers the right action of the group G 
on T in the definition of which the condition (A.lb) is replaced by the condition 

p{a, p{b, x)) = p{ba,x). {A.lc) 

Then the notation p(a, x) = xa is used. 

Recall that a space G is called a local group, if for elements a, b sufficiently close to the identity e (marked 
element) the multiplication ab is defined, the inverse elements a~^,b~^ exist and all group axioms are fulfilled 
every time the objects participating in these axioms arc defined. More precisely, a space G is called a local 
group if: 1) some element e (identity) of G is chosen; 2) a neighbourhood Vc G of the element e is chosen; 3) 
there is a map Vx V— > G, {a, b) 1— > ab (multiplication) satisfying the conditions ea = ae = a and {ab)c = a{bc) 
for a, b, c, ab, be gV. From these conditions it follows that there exists a neighbourhood Wc G of the identity 
and a map i : W^W, a 1— > a~^ (inversion) such that aa~^ = a~^a = e. Choosing V = W = G, one can 
consider any group ^ as a local group; this is why we use the same letter G for groups and for local groups. 

If one replaces G and V by open subsets G' C ^, V C VCiG' satisfying the condition VV C G', one obtains 
a local group G' , called a restriction or a part of the initial one. Two local groups are called equivalent, if 
some of their parts coincide. The equivalence class of the local group G is called the germ of the group G at 
the point e G G and denoted by S- 

An action of a group G on a set T can be localized if one considers G as a local group. Namely, let p be an 
action of the group G on the set T and let Af be an open subset in T. The action p, generally speaking, does 
not map Af into itself and therefore does not define an action of the whole group G on Af. However, an action 
of as a local group is defined, i.e., a map p : Af is defined, where 'W= {{a, x) G G 'x Af : p{a, x) G N} 
is an open subset m. G x Af containing {e} x Af. Moreover, for any fixed point x G Af there exists a 
neighbourhood V of the identity in G and a neighbourhood Af' of the point a; in TV such that p{VxAf') C Af. 
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In a more general situation, a local action of a local group Q on sl set A/" is a map p : W— > Af, where W 
is an open set in Q x J\f containing {e} x J\f, and the properties (A.l) are satisfied for all a,b £ Q, x G Af 
for which both parts of the equahty (A. lb) are defined. A local action p of the local group Q on the set Af 
generates a local action of Q on any open subset J\f' C Af. This action is called a restriction of the action 
p to the subset Af'. A local action of the group Q is called globalizable if it is a localization of some global 
action of the group. 

Appendix B. Sheaves of (non-Abelian) groups 

Let us consider a topological space X and recall the definitions of a presheaf and a sheaf of groups over X 
(see e.g. 0, H). 

One has a presheaf {6{U),ry} of groups over a topological space X if with any nonempty open set 
U of the space X one associates a group 6{U) and with any two open sets U and V with V C U one 
associates a homomorphism ry : &{U) &{V) satisfying the following conditions: (i) the homomorphism 
r^ : &(U) &(U) is the identity map idy; (ii) ifW CV dU, then = rj^ o r^. 

A sheaf of groups over a topological space A" is a topological space 6 with a local homeomorphism 
TT : & X. This means that any point s e S has an open neighbourhood y in 6 such that n(V) is open 
in X and tt : y — > Tr{V) is a homeomorphism. A set &x = Tr~'^{x) is called a stalk of the sheaf 6 over 
X £ X, and the map tt is called the projection. For any point x £ X the stalk 6^ is a group, and the group 
operations are continuous. 

A section of a sheaf 6 over an open set U of the space X is a continuous map s : [/ — > 6 such that 
TTos =id(7. A set &{U) := T{U, 6) of all sections of the sheaf & of groups over J7 is a group. Corresponding 
to any open set U of the space X the group &{U) of sections of the sheaf S over U and to any two open 
sets U, V with V C U the restriction homomorphism ry : &{U) &{V), we obtain the presheaf {&{U), ry} 
over X. This presheaf is called the canonical presheaf. 

On the other hand, one can associate a sheaf with any presheaf {&{U), ry}. Let 

6^ = lim6(C/) 

be a direct limit of sets 6{U). There exists a natural map r^ : &{U) 6x, x € U, sending elements from 
&{U) into their equivalence classes in the direct limit. If s G 6{U), then s^^ :— r^ (s) is called a germ of 
the section s at the point x, and s is called a representative of the germ s^^. In other terms, two sections 
s, s' £ S(J7) are called equivalent at the point x € U ii there exists an open neighbourhood V C U such that 
s\v = s'\v', the equivalence class of such sections is called the germ s^^ of section s at the point x. Put 

© = U 6, 
xex 

and let TT : 6 ^ A" be a projection mapping points from &x into x. The set S is equipped with a topology, 
the basis of open sets of which consists of sets {sa;, x e C/} for all possible s £ 6{U), U C X. In this topology 
TT is a local homeomorphism, and we obtain the sheaf 6. 

Let X be a smooth manifold. Consider a complex (non-Abelian) Lie group G = G*' and define a presheaf 
{<S{U),ry} of groups by putting 

S{U) := {C°°-maps / : [/ ^ G}, (B.l) 

and using the canonical restriction homomorphisms ry when for / e S{U) its image ry{f) equals f\v G S{V), 
V C U. To each elements ax and (3x from Sx ■= r^ {S{U)) one can correspond their pointwise multiplication 
axpx- To this presheaf {S{U),ry} there corresponds the sheaf S of germs of smooth maps of the space X 
into the group G. 

Suppose now that X is a complex manifold. Then one can define a presheaf {TC{U),ry} of groups 
assuming that 

n{U) = O'^iU) := {holomorphic maps h:U^G}, {B.2) 

and associate with it the sheaf TL = O*^ of germs of holomorphic maps of the space X into the complex Lie 
group G. 
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Appendix C. Cohomology sets and vector bundles 



We shall consider a complex manifold X and a sheaf 6 coinciding with either the sheaf S or the sheaf H 
introduced in Appendix B. So (3 is the sheaf of germs of smooth or holomorphic maps of the space X into 
the complex Lie group G. 

Cech cohomology sets H^{X, &) and H^{X, &) of the space X with values in the sheaf & of groups are 
defined as follows @, ||, 

Let there be given an open cover 11 = {Ua}, a £ I, oi the manifold X. The family {Uq, ...Mq) of elements 
of the cover such that Uo n ... OUq ^ is called a q-simplex. The support of this simplex is Uq ... nUq. 
Define a 0-cochain with coefficients in 6 as a map / associating with a G I a, section fa of the sheaf & over 
Ua-. 

U£eiUa):=r{Ua,&). (c.i) 

A set of 0-cochains is denoted by C°(ll, S) and is a group under the pointwise multiplication. 

Consider now the ordered set of two indices (a, (3) such that a, /? £ J and Ua ^ 0. Define a 1-cochain 
with coefficients in © as a map / associating with (a, /3) a section of the sheaf 6 over Ua^Up: 

fapG&{Uar\Up):^T{Uar\Up,&). {C.2) 

A set of 1-cochains is denoted by C^(ll, 6) and is a group under the pointwise multiplication. 
Subsets of cocycles Z'^{il, &) C C"'(il, S) for q = 0, 1 are defined by the formulae 

6) = {/ G C"(it, 6) : fafp' = lonUanU0^ 0}, (C.3) 

(il, ©)-{/£ C (it, 6) : ffJa = fap on UaDUp^ 0, fafifp^fja. - 1 On W„ H H ^ 0}. (C.4) 

It follows from (C.3) that Z°{il, &) coincides with the group H°{X, 6) := 6(X) = r{X, 6) of global sections 
of the sheaf 6. The set Z^{ii., &) is not in general a subgroup of the group C^(il, 6). It contains the marked 
element 1, represented by the 1-cocycle fap — 1 for any a, f3 such that UafMAp 7^ 0. 

For h e C°(il, 6), / e 6) let us define an action po of the group C°(ii, 6) on the set Z^{^, 6) by 

the formula 

Po{h,f)aP = hafa/shp^. (C.5) 

So we have a map po : x Z^ 3 {h, /) 1-^ Po{h, f) £ Z^. A set of orbits of the group C° in Z^ is called 
a 1- cohomology set and denoted by -ff^(it, 6). In other words, two cocycles f^fGZ^ are called equivalent, 
/ ~ /, if 

f = Po{hJ) (C.6) 

for some h e C°, and by the 1-cohomology set ~ po{C'^)\Z^ one calls a set of equivalence classes of 
1-cocycles. Finally, we should take the direct limit of these sets H^{il, &) over successive refinement of the 
cover il of X to obtain H^{X, 6), the 1-cohomology set of X with coefficients in S. In fact, one can always 
choose a cover it = {Ua} such that it will be -ff^(il, 6) = H^{X, 6) and therefore it will not be necessary to 
take the direct limit of sets. This is realized, for instance, when the coordinate charts Ua are Stein manifolds 
(see e.g. ||). 

Recall that 6 is the sheaf of germs of (smooth or holomorphic) functions with values in the complex Lie 
group G. Suppose we are given a representation of G in C". It is well-known that any 1-cocycle {/a/3} from 
Z^(il, 6) defines a unique complex vector bundle E' over X, obtained from the direct products Ua x C" 
by glueing with the help of fap £ G. Moreover, two 1-cocycles define isomorphic complex vector bundles 
over X if and only if the same element from H^(X,&) corresponds to them. Thus, we have a one-to-one 
correspondence between the set H^{X,&) and the set of equivalence classes of complex vector bundles of 
the rank n over X. Smooth bundles are parametrized by the set H^{X,S) and holomorphic bundles are 
parametrized by the set H^{X,Ti.), where the sheaves iS and Ti. were described in Appendix B. For more 
details see e.g. @ ||]. 
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